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YHacre 1. BBEOIEHHUE B TEOPHUIO CIIO2KHOCTHA

Jumepamypa:

1. I'spu M., Hxoncon II. BeraucanTeabHble MalllWHBI U TPYIHOPEIIa-
emMble 3amagu. M.: Mup, 1982.

2. Manamuvmurpuy X., Craiiraun K. KombunaTopras onTuMuzanms.

M.: Mup, 1985.
§1. IoHsaTHE O CIOKHOCTHU PEINEeHU 3a0a9

Ocnosupie onpedesenua. undusudyaibhad U MGCCOBAL 360a%U, KOIU-
POBKE, QA2OPUMM PEULEHUT MACCO80T 3a0a%y, 8PeMENRAA CAONCHOCTD
aseopummae. Kaaccor P u NP (fopmasvuvie onpedesenud, npumepst).

1. Ha Bompoc, mJis 9ero Halo UMETDH TPeNcTaBJeHHEe O CJIOXKHOCTH pe-
MMaeMbIX 3amad, Hanbosee HATJAANHLIA OTBET AaH BO BBEICHWH K KHUTE
[1]. B »roit kaure Takxke npuponuTcs bogee 500 samav (M3 caMbixX pas-
HBIX 0bJIacTel, BKJIIOYas Teopulo TpadoB U ceTel, TeOpHIO paclucanui,
TeOpHIO aBTOMATOB U SI3BIKOB, OMITUMM3AIIUIO TIPOTpaMM, 063kl TaHHBIX,
UTPHl U TOJOBOJOMKH M T.I.), /U KOTOPHIX B HACTOSINEE BPEMS HET
OCHOBaHWU HAMEATHCS TMOCTPOUTL dDGEKTUBHBIE AJTOPUTMBI WX pellie-
aug. YUTo 5To 3HaUUT GopMasbHO, O6YIeT paccka3zaHo B TaHHOM pasfete
(§81-4), a cooTBeTCTBYOIINE MPAKTHIECKHAE BHIBOIBI KaXKIBIH UEJOBEK,
TaK WM WHaYe CBA3AHHBIN ¢ pa3paboTKON alropuTMOB U MPOTPaMM, Me-
JgaeT mJs cebs cam. Kpome Toro, Teopus CIOXHOCTH — HOBas, MOTHAS,
WHTEHCHBHO Pa3BHUBAIOIIAICI OOJACTh MAaTEMATHKH W KUOepHETHKH, ee
TEPMUHOJOTHS MHUPOKO PACTPOCTPAHEHA B COBPEMEHHON HAYUYHON JUTeE-
paType u TpebyeT ONpeneJeHHOTO ¢ HEW 3HAKOMCTBA.

ITosiBaerne BEIUUCIUTEILHON TEXHUKHY TTPUBEJIO K TOMY, UTO BCE PeXe
TIPUXOMUTCS PEIATh OTAETbHYIO KOHKPETHYIO 3a/1ady, a Bee HObIe TH-
caTh MPOTPAMMEBI, pacCINTAHHBIE HA TENBIH KJIacc 3a1ad, Oy IaioTTX-
cs OmHAa W3 NPYTOM 3aMeHOM psna MCXONHBIX NaHHLIX. [losToMy mMmeeT
CMBICI TOBOPUTH O CIOXKHOCTH HE JJs OTHON undusudyarbnot 3amaun I,
a s maccosott 3adauy, uau npobaempbt II, cOOTBeTCTBYIONER MHOXE-
CTBY WHAWBUAYAJLHBLIX 3a/1a4.

PopmasbHO MaccoBas 3amada Il ompeneasercs

1Y obumuM cmuckoM BceX MapamMeTpoB 3ajadd (CBOGOMHBLIX Mapame-
TPOB, 3HAaUEHWs KOTOPHIX HE 3alaHHI),



29 hopMyIHPOBKOI CBOMCTB, KOTOPEIM JOJKEH YAOBICTBOPATH OTBET
(perenne 3anaqn).

Wunuwsunyanbras 3agada I € II noayvaercs uz II, ecam Bcem mapa-
MeTpaM MPUCBOUTEH KOHKPETHBIE 3HAUEHUS .

Huast mpuMepa pacCMOTPHUM 3alady KOMMHUBOSIXKEpA: HAUTH MWHW-
MaJIbHBIH MapIipy T 06Xo/a IPY Il 00K TOB (Y CJIOBHO TOBOPSL, TOPOIIOB )
¢ BO3BpaTOM B HadaJbHyO Touky. Huas II komMuBOskepa BBEmEM

1° BXomHLIEe mAapaMeTpLI: UHCIO TOPOIOB M HIW MHOXKECTBO FOPOIOB

C=A{ecy,...,cm} ¥ HAOOD PACCTOSHUN MEXIY TOPOIAMHE
{d(ci,e;)>0: ci,q; €C, i#j};
20 TpebOBaHUS K PEMIEHHIO: [cr(l), . ,cr(m)] peaausyetr
m—1

Inrin Z d(cw(i), Cr(i+1)) + d(cr(m)y Cvr(l)) )

i=1

rile MUHUMYM OepeTcst IO BCEM BO3MOXHBIM TIEPECTAHOBKAM T HA MHOXe-
cTBe MHIEKCOB Toponos. Konkperusupyem napamerpst 1°, arober modry-
YUTH MHAMBUAYAJBHYTO 3a1ady I kommuBosxkepa: m = 4, d(ep,¢q) = 10,
d(Cl,Cg) = 5, d(C17C4) = 97 d(C27C4) = 97 d(C37C4) = 3, d(Cg,Cg) = 6,
d(ei,cj) = d(e¢j,¢;). Torma B 3azade I ONTHMAJLHBIM OKa3EBIBAETC
MapIIpyT [¢1, Cg, C4, €3], PEATUIYIONIMH Iy Th MUHUMAJIBLHOR IJIUHBL 27.
KpoMme nepBrUHBIX HOHATHH MaccoBOM U MHAMBUAYa bHOH 3anaun (I1
u I) MBI Oy/ieM MCTOIB30BATh TEPMWH AJTOPUTM M 0bo3HaueHHe A jiis
MOIIATOBON TPOIENYPHl (pEIeH st 3a/1aui), B YaCTHOCTH MalluHbl Thio-
putra uau nporpammel mas IBM. Bymem roBoputh, uTo aszopumm A
pewaem maccosyio 3adawy I, eciw mus MOBOH WHANBAIYATHHOR 3a1a9n
I € II asroputMm A npumernM K I (T.e. ocTaHABJIMBAaETCS 38 KOHEUHOE
wuesio maros) u VI € IT anroputm A maet pentenne sanaqn 1. Hanpu-
Mep, nust IT koMMuBOsIKepa CYIECTBYET aJropuTM, KOTOPBIH PEITaeT ee
Ha OCHOBE MOJHOTO mepebopa BeeX MapIipyToB (MepecTaHOBOK 7).
BoabmuHCTBO AMCKPETHBIX M KOMOMHATOPHBIX 3a7ad JOMYCKaeT pe-
IIIEHWE € MOMOINBIO HEKOTOPOTO Tpollecca mepebopa BapUaHTOB, OTHAKO
YHCJIO BO3MOXKHBIX BAPUAHTOB PACTeT SKCIOHEHIIMAJIBHO B 3aBUCUMOCTH
0T pa3MepoB 3agauu (Tak, B 3ajgaue KOMMHBOSKEPA m! MapIipyToB).



IMosTomy mepebopHBIe aATOPUTMEL PENIEHUS MACCOBHIX 3a7ad CUYMTAIOT-
cst HeaddEeKTUBHBIMA (MOTYT PEIIaTh JWIIb HeGONBINNE WHIANBHILY b
HBle 3ama4du). B oTimume oT HUX 3)DEKTUBHBIMA HA3BIBAIOTCS MO4UHO-
MUGALHBIE AAZ0PUMMbE DETTIEHUST MACCOBOU 3alladu, T.e. TaKWe, KOTOPHIE
perraoT npousBoabhyio I € I 3a BpeMst, orpaHUYeHHOE TTOJUHOMOM OT
“pasmepa” I. HecMoTpst Ha ompefefeHHYIO VCJIOBHOCTEL 9TOTO pasmese-
HHsI ¢ TOYKW 3DPEHUS MPAKTUUECKOTO CUeTa, OHO OOBSICHSETCS TPEXKIIE
BCErO TEM, UTO MEHTPAJHHBIM IJIS1 TUCKPETHOW ONTUMU3AIUYU SBISET-
Csl BOIPOC, MOXHO JIM MOCTPOUTE AJTOPUTM PEIEHUsT MacCOBOM 3a1adu
(T.e. OGO MHAUBHUIYAJBLHON ), He MEPeOUPAIOIINI BCEX WM MOYTH BCEX
BapuMaHTOB ee pernenus. Fcam nis maccoBon 3amauu Il cymecTByeT mo-
JIMHOMWAJBHEIA AJITOPUTM, €€ PENTaloui, 3HAYUT, €€ MOXKHO PENuTh
He myTeM nepebopa — >hdexkTuBHO. YKazaHHbie 3anauu 11 HazbiBaoTCS
moJMHOMHUANBHBIME. [lepelizeM K X HOpMATBLHOMY ONPENESEHHIO.

2. dopmMasusalns TPOBOAUTCS IS 36044 PAcno3nasanud ceotcms.
OTo — MaccoBBIE 3amadu, MpeArnoJgaraiolnme oTBeT “ma” wim “Her” B
KadecTBe pemrenusa. TakuM obpazom, B m.2° onpemenenus II pacmosma-
BaHUS CBOUCTB CTOMT HEKOTOPHIH aJbTePHATUBHBIA BOMPOC U PEIIEHAEM
Kaxnou manuBunyadbuon 3amgaun I € Il gBagercs mpaBHIbHOE Paco-
3HaBaHUE, MPUHAIJIEXUT JK OHa K 3amadam ¢ orBeToM “ma”. Ilocrennee
MOAMHOXECTBO MHOXECTBa WHAMBUAYAJLHBEIX 3a7a4 6ymeM obo3HavaTh
Y. Teneps BBemem obosHadenue D s MHOXECTBa BCEX BO3ZMOXHBIX
3HadYeHHH TapaMeTpoB, 3aiaHHEX B 1.1 ompemerenms II. Quesmmmo,
gro Habop [D(II),Y(II)] moaHoCTHIO XapakTepu3yeT COOTBETCTBYIO-
myio MaccoByio 3amauy Il pacmosHaBamusi cBoiicTB. HecMoTps Ha cre-
MAGUIHOCTH TOCTAHOBKH, KJIACC 3a/a9 PACIO3HABAHUS CBOUCTB SBJISET-
¢ MOCTATOYHO IMUPOKWM: MO KpalHeld Mepe, MJs JIOOOW 3amadm IWC-
KPETHON ONTUMHU3AIMH MOXHO yKa3aTh aHajgorununyio Il pacnosnaBanus
cBoficTB. B wacTHOCTH, Aag II koMMuEBOSXKepa, eca BBecTH B .17 eme
OIWH mapaMeTp B — IIWHY MapHIpyTa, To Bompoc B 1.2 “cymrecTry-
eT JIW MapIpyT AJWHBI, He TpeBHIMaiomei B?” naeT ee nepedopMyiu-
POBKY Kak 3amaum pacrnostaBabus cBoicTB. [lomyuennas IT xoMMuBO-
sxkepa uMeeT B JuTepaType obosHauenme KM (mam 3K [2]), nos mee

D(KM) = {07 {d(CZ',C]') € Z+| Ciy Cj € C7 1 < J}7 B¢ Z+}
3mech u nanee Zy — MHOXECTBO HATYDAJIbHBIX YUCce, Z — LEJBIX.

Has dopmanmsanmu “paszMepa”’ WHAMBAAYAJLHON 3aJaUl CBSIXKEM C



Kaxmoi npobaemoit II onpeneneHHYO cremy koduposanud (kodupos-
ky). BBemeM koHeuHOe MHOXecTBO — aadasum X = {o;}, Hanmpumep
3 = {0, 1}, a Takxke MHOXecTBO X ca06 nad asfasumom X — mpous-
BOJIBHBIX KOHEUHBIX TMOCJIENOBATENLHOCTEN, COCTABIEHHBIX W3 CUMBOJOB
asdaBuTa, BOSMOXHO MOBTOPAOIIUXCA, 0 = 0, 0, ... 05, 0, €% Vij;
HanpuMep, IycToe MEOXecTBO @) wam 011000. Yncao n HasbBaeTcd dau-
1ot ca06a o M 06O3HAYAETCA 3HAKOM MoayJst, n = |o|. Koduposexod 3ada-
wu IT nazoBem Takoe orobpaxenue e: [I— ¥ craBsinee B COOTBETCTBHE
moboit wHamBuayaasHol 3agade I € IT ee xon ¢(I) = o € ¥* (caoBo u3
anxdasuTa X*), 9TO

1* BosmoxHO omHosHauHOe AekomupoBanme: YI; £ 1 e(Iy) # e(Iy);

2% ¢, ¢! MOMMHOMEAIBHO BEIUHCIUMEL: CYIMIECTBYeT AJTOPHTM, pPea-
auzylomuii e, e~ u noaunom p(-), aas koroporo VI € II Bpems onpe-
nenenns e(I) u e (e(I)) me mpesocxomut p(|e(I)]);

3* KomMpoBKa HeM3OLITOYHA: MJIs JIOOOH APYyTOW KOTMPOBKH €, yio-
BJIETBOPSIONIEH yciaoBusaM 1*,2% | HalineTcs noausom p'(-) Takoi, uro VI €
IT |e(D)] < p'(Je'(T)|). Hanpumep, AJs 3aMUcK TEJBIX YUCET HEU3OBITOU-
HOW siBJsieTcs Jobast k-wuHas cucTeMa cumcyacHus ¢ k > 1, KomupoBka
qHCces TEM XKe KOJIMIeCTBOM nagovek (caydai k& = 1) u3bbiTouHa.

YIIPAXZKHEHUWUE 1. IIpeanoxuthk HeEN3GBITOUIHYIO KOTUPOB-
Ky ¥ OLIEHHUTH [0 HOPAAKY QJIUHY BXOOA 3a0a4u KOMMUBOsXKeEpAa,
CPABHUTH MOJIyYE€HHYIO OLEHKY ¢ yKa3aHHou B [1] Ha c. 35:

m + [logy B| + max{[log, d(c;, ¢j)]| ci,cj € C}.
3neck u magee 3HaKoM [-] obo3HavaeTcs GJMXKaUIee IMEJ0e CBEPXY K
YUy B CKOOKAX, a || — Iesast 9acTh YUCIa.

Hauwnnas ¢ sToro momernTa, B §§ 1-3 Mb1 6ymeM, Kak IpaBuIo, paccMa-
TpuBaTh Il pacrosnaBaHus CBOWCTB, OTOBapWBas APYTHUE CIydau 0cobO.

Iocae Toro kak mist maccoBou 3amaun II BBemeHa KOTMPOBKA, C JIIO-
6ol maauBuayasbHon 3anavei I € Il 6ymeT cBa3aHO HEKOTOPOE CJIOBO O
B aadapute X 3To# KonupoBku. CioBa, KOTOPHIE COOTBETCTBYIOT WHIM-
BUAYaJbHBIM 3aadaM Paclo3HaBaHWs CBOMCTB, UMEIOIINM OTBeT “ma’”,
YCJIOBUMCSI CIMTATh “IPaBUIBHBIMA® W MHOXECTBO NMPABUJIBLHBIX CJIOB B
¥* nazoBeM #sbikom. Popmainsro, 36k L(IIe) = e(Y(II))=

={oeX*| X — anpasur e, o=-¢(I), Te Y(II)}.

C auaroputmom A perrenus 3agauu I pacmosHaBaHusl CBOUCTB Oy-

JeM accolMMpoBaTh MaluHy ThIOpUHTa (IporpaMMmy AJs IeTepPMUHHU-



POBaHHON MalTUHBEl THIOPWHTA) ¢ BXOTHBIM aJ(aBATOM ¥ U KOHCUHBIMHA
cocTostHUsIMHA gy (“ma”) u gy (“HeT”) W aHAJOIMYHO HA30BEM S3BIKOM
aJrOpUTMa A MHOXKECTBO CJIOB, NpunuMsembit A (¢ KOTOPBIME Ha BXOJE
A ocTaHaBIHBaeTCs B COCTOSHUM gy — “ma”),

L(A) ={oc €X*| ¥ — andasur A, u A(0) = ¢qv }.

OnPENEIEHUE 1. Asropurm A pewaem maccoByio 3amauy II ¢ ko-
mupoekoi e, ecaim L(A) = L(Il,e) uw Yo € ¥* A ocraHaBImBaeTcs.
O6osraunM £ (o) BpeMs paboTHl Hal CJIOBOM o € L* (4Uucsio 1maros)
aJropuTMa A 0 OCTAHOBKW. Bpemenudi caoscrnocmyio aaroputma A
perenust Maccopoil sagaum II wazoBem dyHkuuO Ta(+), onpenenseMyo
Kak

Ta(n)= max ta(oc) Yn€eZ,.
gEX*: |o|<n

Takum o6paszoM, IpH ONEHKe BPEMEHHOH CIOKHOCTH aJTOPUTMOB MBI
paccUYMTHIBaeM Ha “XyAIIyio” 3 BO3MOXHBIX WHAWBUAYAJLHLIX 3a1ad
(mamHOTO pasMepa), MOCKOJBKY 3apaHee He W3BECTHO, ¢ KAKOH KOHKDET-
HOW 3amadel mpuiaeTcsa paboTaTh.

YIIPAXZKHEHUWE 2. Ilatp ajdropuT™M pacHoO3HABAHHS IIPO-
CTOTHI YHCJIA, OIIEHUTH BPEMEHHYIO CJIOXHOCTH AJITOPUTMA.

OTPENENEHUE 2. Kaacc noaunomuaibio pa3peuumbis 3aday
P = {L(II,e)| JA, pematonmit II ¢ xonmpopkoil ¢, Ip(-) — moamHOM:
Ta(n) <p(n) VneZy}.

Fcau pas 3amaan II cymecTByeT Takas kogupoeka e, uto L(ITe) €
P, 1o Gymem HazeiBaTh 3amauy II nosunomuadsbrno paspewsumoti WIu
MPOCTO NOAUHOMUCALHOY ¥ TTOJB30BaThCs obosnadenuem IIEP, oToxme-
CTBJISISE MAcCOBYIO 3amady ¥ s3bK. (C ydeToM yCJIoBHUSI HEM3OBITOUHOCTH
KOMla yKa3aHHas MPOTeAypa KOppeKTHa, nbo ms nojuaoMuaibHol IT mo-
aygaem L(IIe) € P Ve.)

[IpumepoM TOJUHOMHUAIBLHON 3a/aU¥ SBIAETCS PACIO3HABAHUE UYeT-
HOoCTH 1eioro gucaa. (C erle ofHOM TOJMHOMHUAIBLHOR 3a1a9eil Mbl BCTPe-
TuMcst B pas3n.2.) Has samaum pacnosHaBaHus npocToThl yucia (ITY)
BOTIPOC O €€ TOJWHOMWAIHLHOCTH TTOKa OTKPHIT. st paga npyrux samad
yIaeTcsd M0Ka3aTh WX HEMOJUHOMHUAILHOCTE. TakK, W3BeCTHRI

1) anropuTMHUYECKH Hepas3peliuMble 3a1auu, KOT/la He CYNEeCTBYET
aJTOPUTMA, PEIIAoNIEro Jobyio HHANBUAYAJBHYIO 3a1ady, T.e. VA
I € II: A He npumenuM k I, B wactHOCcTH, ©4(e(I)) = oo ; Hanpu-
mep, 10-s mpobiema ['manbepTa: Mo HaHHOMY MHOTOYJIEHY ¢ C IEJBIMA



K03 IUIMeHTaMy BLHISCHUTDL, UMeeT JIM ypaBHeHue ¢ = () IejounciaenHoe
pemenue (HepaspenmmMocTh nokasan 0. M. Matuscesua B 1970 1.);

2) sagaun (He SBJSIONINECS 3a/7a9aMy PACIO3HABAHUS CBOUCTB), IS
KOTOPHIX NJIMHA 3alWCH PEIIeHus TTPEBOCXOMUT JIOOOW Halepeln 3alaH-
HEIH TTOJWHOM OT IJIWHBI BXOa, HATPUMED B 3a/iaue KOMMUBOSKEPA, eCIH
TpebyeTcs HAUTH Bee MaplIpyThl (MX SKCIOHEHIIHAIBHOE YHCIO);

3) B ocTaJbHBEIX caydasx dopmaibHo uMeeM YA, pernatoriero IT ¢
komuposkoit e, Vp(-) L € II: ta(e(I)) > p(le(T)]). 3necy n namee p(-),
BO3MOXHO ¢ WHIEKCAMH, CIYXKUT IJs 0003HAUEHUS TTOJAHOMOB.

B nacrtositiee Bpemst nuist sobon mMaccoBo# 3amauum II, mas koTopoi
NOKa3aHo TOCJeHee YCIOBHE, TIOJyUeH U HoJiee CUABLHLIN pe3yIbTaT: OT-
CYTCTBHE TTOJUHOMHAAJILHOTO AJTOPUTMA, HCTIOTL3YIONIETO TPOU3BOJIBHOE
(mycTh BecKOHEUHOE) YHCIO MapaliieJBHBIX MpolieccopoB. Bompoc, cy-
MEeCTBYIOT JU HETOJWHOMUAJbHBIE 3amaun II pacmosmaBaHus CBOWCTB,
KOTOpPHEIE OKA3bIBAIOTCS MOJUHOMUAJIBHO Pa3PEITUMEIMU TIPH BO3MOXKHO-
CTH paclapajie UBaHus BLIYUCICHUN, IBIASETCI 0CHOEHOT METOIOJOTH-
YeCKOU npobaemoti TEOPUH CIOKHOCTH (00y CTOBHUBIIEH ee HOPMUPOBAHHUE
KaK CaMOCTOSTEeJNBHON HaydHOH muciuminHbl). OTBET, No-BHAMMOMY,
MOJIKeH OBITDH TOJOXKUTEJNLHBIM, W yXKe YKa3aH OoJBINoN KJIacc Macco-
BBIX 337124 B KauecTBe KaHaunaToB (cM. kiaacc NPC B §2), Ho nokazaThb
WM ONPOBEPTHYTH 5TY THUIOTE3Y B MAaHHBEIM MOMEHT MPEACTABIIETCS
HepeadbHBIM. [lJs ee dopMaamzanuu BBoauTcs obbemJiomuit P kiaacc
HedemepMURUPOBARKO NOAUKOMUGALHBIT 3aday — NP.

3. Onpenennm wedemepmunuposannyio smewuny Toiopunes (HIMT)
A Kak HAaGOp OBBIYHBIX — AETEPMEHUPOBAHHBIX — MalluH ThIOpHHTa
(IMT) A(S) ¢ andapurom X, rae S mpoberaeT Bce MHOXECTBO CJIOB 13
3

) A = {A(S)} s
HIMT A ocranaBiuBaeTcs, KOr'jla ocTaHaBiauBaeTcs neppas u3z JIMT
A(S), npuruMaroras BxoaHoe cioBo. COOTBETCTBYIOIINAM KOHETHBIM CO-
crossuveM OyneT qy. Asvik H/IIMT — MHOXeCTBO CJIOB, TPUHUMAEMBIX
xoTst 661 ogrol JIMT A(S) us A:
LA)={cex|3S e : o L(A(S))}.

Caosa S B onpenenenun HIIMT mMoxHO MpOMHTEPIPETUPOBATE KAk

nofckasku K pemenuio (moranku), Torga IMT A(S) nposepser mas



BXOIHOTO CJIOBa 0 TOACKA3KYy S W B ciiyyae TPaBUIBHOCTHU OCTAHABJIU-
BaeTcs B cocTossHum gy . HIMT A MIPOBEPSIET MIJsi BXOMLHOTO CJIOBA O
BCE BO3MOXHBIE TIONCKA3KH, W €CJU XOTH OfHA MPaBUJIBbHAS MOTAIKa CY-
mecTByeT, To HIMT ocranapiupaercs ¢ oreToM “ma”. (B cuny 6Gec-
KOHEUHOCTH UMcya Aoranok, B coctoguuu gy HAMT ocTanoBuThes He
MOXeT.)

OUPENEJIEHUE 3. HIIMT A pewaem MaccoByio 3amauy II ¢ xomm-
poekoii e, ecan L(ILe) = L(A) T.e. a3p1kd HIIMT u 3amaun coBmamaior:
Vo € L(IL,e) 35S € ¥*: IMT A(S) ocTanaBIMBaeTCs B COCTOSHUY gy,
uVo e ¥\ L(Ile), VS €% IMT A(S) ue npuanmaer o (He ocTa-
HaBJWUBAETCS WM OCTAHABIUBAECTCS B COCTOSHUN qN)

Omnpeneaum Vo € L(A) spema pabomuvr HIMT A Haz cioBoM o Kak
MHUHHMaJbHOE U3 BpeMeH paboTsl Haj BxogoM o IMT A(S), npuruma-
IOIIMX 0, ¢ yI4eTOM BPEMEHM MPOYTEHHUS cJoBa S (T.e. eTo [IIHHBL):

A0 = (g f2in ) 5T H a0

Bpemenndi caoncwocmuvio HAMT A pettterust MaccoBoi 3amauu II Ha-

soBeM byrkimio T4 () Vn € Zy

Ti(n) = max ta(o) = max min  {|S| +tasy(o)}.
( ) ceL(A): |o|<n A( ) oeL(A): |o|<n {Slo€La(s)} ( )( )

IlomuepkHeM pas3HUIly ¢ ompenedenrneM BpeMeHuHOH caoxuocTr AMT: nas
HAOMT paccMaTprBalOTCs JHUIIE CIOBA U3 s3bIKa (COOTBETCTBYOIINE HH-
IWBUIYaJbHBEIM 3ajadaM ¢ OTBeTOM “ma”).

OUPEANENEHUE 4. Kaacc nedemepmMunuposanio nosuHoMuaAbHbIE
gadanw NP = {L(ILe)] JA — HIMT, pemamomas II ¢ KoaupoBKOit
e, 3dp(-) — mosmHOM: TA(n) < p(n) Vn € Z,}. Eciu aas sana-
qu IT cymecTByer Takas komwpoeka e, uro L(Il,e) € NP, To &ymem
Ha3eBaTh 3a7a4y 11 nedemepmunuposanno nosunoMua4bHold U MOJIH30-
BaThCs obosnauenneM IIENP (kak u mist kracca P, KoppeKTHBIM).

[Ipumepom HemeTEPMUHUPOBAHHO TIOJUHOMAAIBLHON 3a1a9W SIBISIETCS
KM, ub0o B KauecTBe MOTAIKN MOXHO WMCIOJIB30BATH MAapIIpyT W MPO-
BEpKa €ro JIONMYCTUMOCTH MOJAHOMUAJIBHA.

OTMeTUM, 9TO MOJUHOMHAATBEHOCTE TPOBEPKHU T'apaHTUPYETCS TOJIBKO
IS MHIMBHAYAJbHEIX 3a7ad ¢ OTBETOM “ma” (M BO3MOXKHO, JHWINb TIPH
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eIWHCTBEHHOH moackaske), a mig I € D(IT) \ Y(II) HIMT npocto
He ocTaHOBUTCS. B »ToM — cyiecTBenHoe oTiuune Kaaccos P u NP.
HemocpencTBenHo 3 onpeneneHuil caenyeT

YTBEPXKIEHUE 1. P C NP.

Bormpoc o Haanumu ¢Tpororo BKJIOYEHHUS U ABJIsAeTCS (hopMaTu3alnei
OCHOBHOH MPOGJEMEBI TEOPHA CIOKHOCTH.

§2. NP-nosnsbie (yHUBepcaJbHEIE) 3a0a9U

Teopema 00 IKCNOHEHUYUAABHOT OYEHKE BPEMEHHOT CAOHCHOCTU
dag 3aday u3 waacca NP. Kaacc co-NP. 3adauu, umeowue zopo-
wyo zapexmepusayuio. Onpededenie NOAUHOMUGALHOT CB0IUMOCTRU.
Kaace NPC. Teopema Kyxa (6e3 doxazameavcmea). Kpumepui NP-
noawombt. Hoxaszemessemeo NP-noawomsr 3adawy BIIH (6yaeebt au-
Helinbie HePaseHcmsa,).

1. Pacemorpum nmoapobuee kiacc NP.

TEOPEMA 1. Jlyst s060¥ HeeTEPMUHUPOBAHHO TOJWHOMUATIHHON 3a-
nauwm cymectByer HMT, pemaornas ee ¢ S5KCIOHEHITMAJBHOR BPEMEHHOR
cioxuocThio, T.e. YIIENP Jp(-) — nosunom — u JIMT A:

A pemmaer IT u Ta(n) < 2°(") Vn € Z,.

HOKABATENBRCTBO. Tak xak IIENP, To mas moboro cioBa o u3
si3bika 3agadn II cymecTByeT TpaBWibHash HOTafka S MOJWHOMHUATb-
o mumuet |S| < pi(lo]), p1(-) — mosmeOoM, u cymecTByer JIMT
A(S) : taws(o) < pa(lo]), pa(-) — mommrom. Ioctponm IMT A,
KoTOpas paboTaeT Ha/l JIOOEIM BXOTHBIM CJIOBOM 0 € X* (¢ moboit nHIH-
BunyasbHo sagadedt I € II) caenyrommm ob6pasoM: paccMaTPHUBAIOTCS
Bece cioBa S w3 X* mumHBl MeHbite pi(|o|) u nenaercs e Gogee py(|o])
maro ¢ kaxa0i IMT A(S). Ecam ouepennas IMT ocranaBauBaeTcs B
COCTOSIHUH ¢y (T.e. COOTBETCTBYIOIIAs TOT KA OKa3aIachk IPAaBUILHOI),
CYMTAEM CJOBO 0 NPUHATHIM U pabory IMT A 3akoHUYeHHON; ecau HU
omra u3 IMT A(S) He ocTaHOBHIIACH 38 OTBENCHHOE BPEMS HJIH OCTAHO-
BUJIACH B COCTOSHUM ¢p, TO 3akaHuuBaeM pabory IMT A u npunwuce-
BaeM eil KOoHeuHoe cocTosiHue g . B nocaennem caydae IMT A nenaet
HaMGOTbIIee TUCIIO TITATOB, U 3TO Yncio Merbite pa(|a])-|XP1U7D (sropoi
COMHOXHTE]b PaBeH YHCJIY MPOBEPSAeMBIX HOTaloK, |¥| — umcio cum-
BoJIOB B asdapuTe X). OTciofa yxke HETPYIHO MNOJYINTEH YTBEPXKICHHE
TEOpPEMHI.
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Has Toro uTobbl Jiydllie TouyBCTBOBaTEH pasziauune KiaccoB P u NP,
BBefeM TOHATHE donoanumeavnot x II Maccosoit 3amaum II, momyua-
foreticss w3 I pacmosHaBaHWsST CBOWCTB 3aMeHOW aJbTEPHATUBHOTO BO-
npoca, onpefesioniero oreer B 3anade (cm. n.2" ompenesenus I B
§1) ero orpunanmem, nanpumep Bompocom B KM  “mpasna s, 4To
HE CYIECTBYET MapIipyTa AJWHB, He mpeBocxomsied B?”. PopMmaibHO
D(IT) = D(II), Y(II) = D(IT) \ Y(II). o

Omupeneaum Kaacchl HONOJHATENbHEX 3anad co-P = {II| II € P} u
co-NP = {II| IT € NP}. U3 onpenenenmnii oueBuano, uto, ecan JIMT A
pemaet II, To IMT A pemaer II, rae nporpamma JIMT A nosyucHa
u3 nmporpammber JIMT A mpocTolt 3aMeHON KOHEYHBIX COCTOSHUMN gy W v
Opyr Ha apyra. Takum obpa3zoM, cIpaBemInBoO

YTBEPXKIEHHUE 2. co-P =P,

Anajoruunoe yrBepxkaerue mis kiacca NP mo cux mop He ymaercs
HH OKa3aTh HU ONPOBEPTHYTH: mpuBeneHHoe Bhimie mias HMT paccy-
KaeHue Hedb3s obobmuTh Ha HIAMT, nbo mias mHAMBUAYAJbHBIX 3a7a4
I ¢ orserom “mer” (T.e. I ¢ Y(II), wm I € Y(IT)) HAMT me ocra-
HaBJWBAETCS 33 BPEMs, OTPAHUYEHHOE MOJUHOMOM OT HJAWHBI Bxoma I.
B wactrocTH, He uzBecTHa HIAMT, pematorias KM 3a noawHOMUATIB-
HOE BpEMs, TakK KakK [[Jisl Hee He TPUAYMAHO NOMCKA3KW TTOJUHOMAAILHOR
IIHHBL (€CTECTBEHHBIH BapHaHT — [OKa3aTh BCE MapIIpyThl — HE MO-
aunoMmasen); Brmodyenne KM € NP me nokasaHo u He OmpoBeprHyTO.

YIIPAXZKHEHUE 3. HokasaTb, 4TO 3aJa4a Paclo3HABAHUS
MPOCTOTHL YMCJIA MPUHALICKUT Kiaaccy co-NP, t.e. II9 € NP.

ONPENEJIEHUE 5. MaccoBas 3amadya paclio3HaBaHUS CBOMCTB Ha3bl-
BaeTCs uMerouels ToOpowyo TapaKmepu3ayuio, eCIu NJsl Hee BBIMTOJHEHO
II € NPNco-NP.

W3 yreepxkaenus 2 caenyet, uro P C NPNco-NP. Cospemennas ru-
MOTe3a COCTOUT B PaBeHCTBe >TuX KiaaccoB. OTciona u TepMUH “Xoporiias
XapakTepusarus’ , TaK Kak AJs MOAODHBIX 3a/ad eCTh OCHOBAHUS Hale-
STHCST Ha BO3MOXHOCTH TOCTPOEHUS NOJHHOMMUAIBHBIX aJrOPUTMOB (CM.
sagaay JIH — snuneiinble HepaBeHCTBa — B pas.2). OnHako MId 381391
ITY, obuaamatoliieil Xopoliei XxapakTepusanuei (s I0Ka3aTebCTBa TO-
ro, yto ITY € NP, cm. [2, c. 414]), neTepMUHIPOBAHHOTO MOJIHHOMMAIE-
HOTO aJITOPUTMa MOKa He HAWIEeHO, HECMOTPS Ha €€ HEMOCPENCTBEHHYIO
MPaKTUIECKYIO 3HAYUMOCTh.
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2. 3amau paclno3HaBaHUsS CBOWCTB — OOJBINOE pa3sHOOOpasue, W st
TEOpUU TIPEINCTABISET WHTEPEC HE TOJBKO BO3MOXHOCTEH MX KJaccupu-
KallWy, HO W CIOCOOBI ONPENEJeHns KJIacca CIOXKHOCTH OMHWUX 3a71ad Ha
OCHOBE M3BECTHOTO KJacca cJaoxHocTu npyrux. [llosTomy BBoguTCs H6a3o0-
BOE ISl TEOPHHU CIOKHOCTH TIOHSITHE NOAUHOMULALHOT C80JUMOCTRU.

ONPENEJEHUE 6. BymeM TroBopuTE, YTO MaccoBas 3a/lada paclo3Ha-
Banms cBoicTB II' ¢ KOTMPOBKOI €' NosuHOMUGALLHO CE0JuMCA K 3amade
IT ¢ xomMpoBKO#i e, ecam mobas mHIMBUAya bHad 3amada I’ € TI' mo-
XKeT OBITEH CBENEHA 3a TIOJUHOMUAJIBLHOE OT €€ IJIWHBI BPpEMs K HEKOTOPO#
I € II ¢ coxpanenunem oTBeTa. PopMaTbHO

cymecTByeT dyHkims ceonumoctn f 1 ¢/ (D(IT')) — e(D(II)), Takas
gro  f(e/(Y(IT))) = e(Y(II)), T.e. Yo' € ¢/(Y(IT")) f(o') € e(Y(II))
n Vo' € ¢/ (D(IT) \ Y(II)) f(c") € e(D(IT) \ Y(IT)),

u cymecTByeT IMT Af, peanusyiomas [ 3a HOJHHOMHAJBLHOE BPEMSI,
T.e. Ips(-) — nomuuom: Vo € ¢/ (D(IT')) Ta,(|o]) < ps(|o]).

B cayuae, korma cooTBeTCTBYIOININE KOIUPOBKYM HE W3OBITOYHEI, OymeM
HCTONB30BATh TEPMUH TIOJUHOMUAIHLHON CBOAMMOCTH IO OTHOIIEHHIO K
caMuM 3amadaM (6e3 yKasaHWs KOIMPOBOK) U NPUMEHSTEH 0GO3HAUEHNE

T’ « II.

(KoppeKTHOCTE yIPOIEeHNs BEITEKaeT W3 MOJIHHOMUAIBHON CBOTUMOCTH
3a7aqm K camMol cebe, HO ¢ MPYTOM HEM3OBLITOTHON KOMUPOBKOW, W CIEMY-
OIIETO OUEBUAHOTO yTBEPXKACHUS — TPAH3UTUBHOCTH OTHOIIEHHUS X.)
YTBEPXKIEHUE 3. Ecawn II; o« Iy u Il ox I3, 1o II; o II5.
CylecTBEHHBIM IJIsi TEOPUU CJIOKHOCTH SIBJSIETCS
YTBEPXKIEHUE 4. Ecm I' « T u II € P, Tow IT' € P.
HOKA3BATEIBCTBO. Ob6osnauum A HMT, pematomiyio II ¢ mouan-
HOMHAJBLHOM BPEMEHHOH CJOXHOCTBIO,  mocTpouM IMT A’, pemaro-
miyio IT' ¢ mosmHOMAaIBLHON BPEMEHHON CJIOXHOCTBIO, KaK CYTEPIO3IHAIO
OMT A m Ag: A’ = Ao Af, T.e. cHavasa K JI060MY BXOTHOMY CJIOBY
o' € ¢(D(IT')) npumensercs Ag, a NOTOM K MOJYYMBIIEMYCS CJIO-
By 0 = f(0') (mnunoit He Gosee py(|o’|)) mpumensercs A. Bpemennas
caoxHOCTE A’ — Tas(+) < Ta,(-) + Ta(ps(-)) — momumom.
Ananornuno nokasbiBaercs (npu samere ciosa IMT na HIIMT)
YTBEPXKIEHUE 5. Ecom IT' « IT u IT € NP, 1o m IT' € NP.
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ONPENEJIEHUE 7. MaccoBas 3anaua II waseiBaeTcs NP-noanoti vau
ynusepcaabnot, ecim I € NP u VII' € NP II' « II (t.e. mobast He-
JETEPMUHUPOBAHHO TTOJUHOMUAJBHAS 3aa9a MOJUHOMUAIBHO CBOIUTCS
k IT). Kiacc Bcex NP-nosHEIX 33189 (pacnosHaBaHus cBOACTB) 06o3Ha-
gaercs NPC (NP-complete).

Henycrory kaacca NPC nokazax C. A. Kyk 8 1971 r. UM 6v1a1a pac-
cMoTpeHa 3a1a4a o peimogHuMocTH (BBIII): BEIICHUTE BHITOJHUMOCTD
KOHBIOHKTHBHOHN HOpMabHOH GopMel (KH®P) — KOHBIOHKITMH KOHETHOTO
YHCaa TU3BIOHKTUBHBIX (DYHKIUHN, T.€. TU3BIOHKINNA OYJIEeBBIX MEpeMeH-
HBIX 2; WIH WX OTpHMIaHW# Z;. A mMmenno, B 3amade BBIII Tpebyercs
pacnoszaaTek mis KH® wa Bxome, cylecTByeT Ju BBIMOJHSIONNNE HabOp
2% (nna koroporo snauenue KH® pasno 1).

TeoPEMA 2 (S. A. Cook). BBIII € NPC.

HOKA3ATEILCTBO moawHOMuadbHON cBommMocTu K BBIII mioboi
HEMETEPMUHUPOBAHHO TIOJWHOMHUAJBHON 3aadd OCHOBAHO Ha GHOpMalb-
HOM 3aIIMCH YCJIOBHS IPUHAIIEXHOCTH CJI0OBa 0 A3bIKY U3 Kiacca NP (To-
ro, 4To ¢ npuHUMaeTcst Hekoropoit HIMT, a sHaunT, u kakoi-To JIMT)
B BH/e HabOpa MU3BIOHKTUBHBIX (QYHKIMA OT CIENUAaJIbLHO BBOAUMEIX Oy-
JIEBHIX MTEPEMEHHBIX, CBsI3aHHBIX ¢ cocTossHmsMu [IMT B pasauunbie mMo-
MEHTHI BpDEMEHU, W SIBJSIETCSI HEAOCTATOYHO MPOCTHIM JIJIsT BBOIHOTO Ky P-
ca (cm. [1,2]). TlosTomy Mel e y6enumcs B ToM, uTo BBIII € NP.
HelcTBUTENBHO, BXOMHOE CJI0BO (MapaMeTphl, ONpPeIessoine HHANBH-
AYaJbHYIO 33734y BBEIIOJHUMOCTH) COMEPKMUT UHCIO IU3BIOHKTHBHBIX
dyukmui B KH® u ykazanwe nis kaxXIou w3 HWX, KaKWe MEPEMeHHBIE
BXOIST C OTPUIIAHUEM, a KaKue He BXOASAT Boobire. HlauHy Takoro cioBa
MOXHO OT'PaHWIUTh CHU3Y CYMMOW IJIMH NU3BIOHK TUBHBIX QYHKIINAH, TO-
HUMas TIOI IJINHON DYHKIIMU UMCJIO e TEePEMEHHBIX (MM YHCI0 3HAKOB
nu3bIoHKIMA + 1). Ecau Teneps B KauecTBe MOACKA3KHU IS ONpPEIesi-
eMoli BXomHEIM ciaoBoM KH® Baars 2°
BEIUHMCIeHHE Ha HeM 3HadeHns KHP (mpoBepka BHIMOJHUMOCTH) TOTPE-
6yeT TaKoro Xe IO MOPSAKY YKCJa I1aroB.

— BBITMIOJHSIIONHH ee HaboOp, TO

W3 ompenesenuss NP-oTHOTE HEMOCPENCTBEHHO CIENYET

YTBEPKIEHUE 6. Ecim PNNPC # 0, To P = NP. A ecsm
NPCN(NP\P)#0), to NPCC NP\P.

Takum obpazom, ecaum Obl yoaJoch HAWTH TOJWHOMMAJHLHBIN aJiro-
puTM peltenusi XoTh ool N P-nonHo# 3am1aum, TO 61U GBI MOCTPOEHBI
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MOJMHOMHUAJNBHBIE AJTOPUTMEI periennst Bcex NP-mosHBIX 3a71a9 U Beex
zamau u3 kjaacca NP, a ecam nas kakou-imbo NP-mosHON 3amaum mo-
Ka3aTh OTCYTCTBUE TOJUHOMUAIHLHOTO AJTOPUTMA €€ PEIEHUs, TO 3TO
He TOJBKO maeT c¢Tporoe BKiaoueHne P C NP (T.e. oTBeT K OCHOBHO#
mpobJieMe TEOPHH CJIOKHOCTH), HO ¥ BJeUeT 3a cobOM T0Ka3aTebCTBO He-
BO3MOXHOCTH TIOCTPOEHHUs TIOJAHOMHUAJIBHOTO AJTOPATMAa DEIIEHHs] JTIO-
6ot 3amaum u3 kjiacca NPC. [lockoabky HM TOTO, HU APYTOro MOKa HE
creqaHo, cuuTaeTcs, 9To 3anauu u3 NP C oTBevyaioT KuTelcKOMy Tpe-
CTABJEHWIO O TPYIHOW 3ajade W BPsI Ju monyckaoT 5¢GGdeKTUBHOE pe-
merue. [losToMy, ecam BcTpedaeTcs 3amada, MJsi KOTOPOU Ha TPaKTUKE
HE yIaeTcs TPUAYMATh HeMEPeOOPHBIA aJrOpUTM, TO UMEET CMBICJ IO-
OBITAThCs MoKa3aThk ee NP-mogHOTY, 9TO6B ONpaBIaTh TPpUMEHEHNE K
HEW TeX WJIW WHBIX NePebOPHBIX CXEM.

3. Mocae Toro kKak OblIa ycTaHOBJIEeHa HemycToTa Kiaacca NPC (Te-
opemoit Kyka), mosBusiach BO3MOXKHOCTE jloKasaTeabcTBa NP-1ogHOTE!
MaccoBod 3amauu Il myTem mosmHOMMAJIBLHOTO cBemerus K II ommoi u3
usBecTHEIX NP-mosHbIX 3amad (cooTBeTCTBYIONHMH cnucok cM. B [1]).
HelcTBUTENBHO, W3 YTBEPKAECHUS 3 CASAYET

TEOPEMA 3 (kpumeputi NP-nosnomet). Maccopast samaga IT pac-
mosHaBauus cBoficTB NP-mosHa Torma u ToabKo TOTaa, KOTAa OHa IMPH-
HamgaexuT kiaaccy NP u x Hell TOAWHOMWAJIBLHO CBOMWTCS KaKas-Jubo
NP-noanag 3amadas:

{IT e NPC} <= {II NP u JII' ¢ NPC: II' xII}.

IToawbzysck Teopemoii 3, Mmoxuo oka3aTh NP-nosHOTY 3amaun o cy-
IIIECTBOBAHUY TIEJIOYNCIEHHOTO PEIEHNS] CUCTEMEI JUHERHBIX HEPABEHCTB
¢ measivu Kosbdunnmenravu (ITJTH).

YTBEPXKIEHUE 7. IIJIH € NPC.

JToKA3ATENBCTBO. 1) IIJTH € NP, Tak Kak NOICKa3kod MOXKeT
CIYXUTH PEIeHNe CUCTEMBI, & €T0 MTPOBEPKA CBOIUTCS K YMHOXEHUIO HA
3aMaHHble KO>DMUIIMEHTH W CJIOXKEHUIO, YTO HE MPEBOCXOMUT MOJHUHOMA
OT JUIMHBI 3aMCH BCeX KOdDDUIMEHTOB (I0Ka3aTeBCTBO MOJTNHOMMUAITE-
HOCTW [JIMHBIL 3alMCH perierns cM. B [2, ¢. 330]).

2) BBII « ITJIH. O6muii Bua cucTeMbl JIMHEHHBIX HEPABEHCTB

aj121 + a2+ ...+ ajpz, <bj, j=1,...,m.
Herpynuo mpencraBuTh B momo0OHON (HOpME YCJIOBHE MCTUHHOCTH W3 b~
IOHKTUBHON QyHKImA. s 5TOT0 3aMEHUM B KaXIOW j-# (DYHKITUU 3HAKA
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IW3BIOHKITMA 3HAKAMU CYMMEBI, & OTPHIAHUS TEPEMEHHBIX 2; — Ha (1—2;)
¥ HAIMWUINEM IJs TOJYYMBIIIERCS JUHERHOW hyHKIIMK ycaoBue > 1, noba-
BUB orpanmdenusa z; > 0 u z; < 1 Ha Bce mepemennbie. [lemouncaenmroe
pemenne z° = {20} cucTemBl BceX MOCTPOEHHBIX HEPABEHCTB SBJIAET-
sl BHIMOJHSIONMM HabopoM aast ucxopHodl KH® (Tak Kak MCTHHHOCTH
KH® sxBuBajeHTHa NCTHHHOCTH BCeX 00Pa3yIONIUX ee MU3BLIOHKTUBHBLIX
dyukumi). TakuMm crnocoboM pellieHre JIOGOH WHAMBUIYAJIBHON 3a1a4n
O BBLITIOJITHUMOCTH CBOAUTCS K PEIIEHUIO HEKOTOPOW WHAMBULY AJILHOM 3a-
nauyn I € IIJIH. [lomuonoMraIbHOCTL CBEIEHUST OUEBUIHA.

3amMeTnuM, 9TO HaKTUIECKU B 1.2 JaHHOTO MOKA3aTEJbCTBA IOKA3aH
6ogee cuabHBIN pe3yabTaT o cBegenun BBIII k nogzanave IIJIH — 3a-
nade O CYIIECTBOBAHWY OyJIeBa PEIleHUs CUCTEMBI JUHERHEIX HEPABEHCTB
¢ niesibivu KosuimenTamu (BJIH). TokasaTe bcTBO TPHHALIEKHOCTH
BJIH kiaccy Heme TEpMUHUPOBAHHO TIOJUHOMUAJIBHBIX 32724 MTOBTOPSIET
.1l maHHOTO /0Ka3aTenbcTBa 6e3 cChUIKK Ha [2] (Tak Kak MOJHHOMMUATE-
HOCTE JJIMHBI OyJieBa PEIeHUs] OUeBUIHA), TEM CAMBIM MOJYYEHO

YTBEPXKIEHUE 8. BJIH € NPC.

§3. Kuaccel ciioXHOCTH.
CunapHaga NP-mmosiHOTa M ICEBOOMOIMHOMHAAJILHOCTE

Hoxazameabcmeo NP-noanwomst 3adauu o 3-gvinoanumocmu. Baau-
moomuowenue xasccos P, NP u NPC, NP 4 co-NP. NP-mpyduvie
aadawu. Kaacc PSPACE. IIcesdonosunomuasviuvie arzopummbt. Lpu-
mep dag 3adavu o poxsaxe. Cuabnad NP-noanoma. Teopema o ces-
3y cuavnot NP-noanomer 3adauu ¢ cywecmeoganuem ncegdonoaumno-
MUGABHOZO AAZOPUMME €€ PEULEHUA.

1. Kpome 3amauu o BemosHUMOCTH, NP-ToJHOTA BCeX OCTAJBHBIX
u3BeCTHHIX 3ama4 u3 Kiacca NPC (B Tom uncie 1 KM) 6b1ta nokaszaHa
Ha OCHOBE TEOPEMBI 3 ¢ TOMOINBIO MOJUHOMHUAJIBHOTO cBeferus. Obmme
PENENTHI M0Ka3aTeNbCTBA MOJUHOMHAIBHOM cBoguMocTH (cM. B [1]) Jer-
KO HCIOJB30BATE JIUINEL B MPOCTERIHX caydasx. YToObl HayIHUThCS UX
IPUMEHSTh, HAIO Pa3obpaTh GOJBITOE YHCJIO TPUMEPOB (B 9acTHOCTH,
umerornmecst B [1,2]), Ha 9To y Hac B paMKax JaHHOH pabOTHI HET BO3-
MoxkHocTH. OfHAKO, €llle ONWH HPUMep OyIeT Aajiee MPUBENEH C TETBIO
[OKa3aTh, YTO He TOJBKO JII00ast TTO3a/1ada CBOAUTCA K COOTBETCTBYIO-
miedt 3ajade (aBTOMATHIECKH ), HO BO3MOXHO M OOPATHOE CBEICHME.
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PaccmoTpum 9acTHBIR ciyuadl 3amadu O BHINOJHHMOCTH, KOT'Ia B
KH® moryT BXogwTh JUINE OU3BIOHKTUBHEE (QYHKIWKM TPEX MePeMEH-
#hix (3-BBII). Mockoasky D(3-BBIIT)CD(BBIIL), To no onpenaese-
mnio 3-BBITIxBBIII. Tak uro 3-BBIIIENP (o yreepxaenuio 5). Ho
ee NP-monHOTa TpebyeT CHenuabHOTO NOKa3aTelbCTBa, nb0 JacTHRIE
MAaCCOBBIE 3a[au¥ COMEPKAT MEHbIE WHAWBUIYAJBHBIX 33784 W MOTYT
0Ka3aThCs TPOIle; HalpuMep, aHaJoruunas 3anava 2- BBIII noaunHOME-
aabHa. g nonyuenus pesyabraTta 3-BBIII € NP C nokaxewm, uto NP-
MOJTHAsT 3a/1a9a O BBIMOJHUMOCTH CBOANTCS K CBOEH Mof3zagade (4acTHOMY
cayvao) 3-BBIII.

YT1BEPXKIEHUE 9. BBIII « 3-BBIII.

HOKA3BATEIBCTBO. [lokaxkem, 9TO TPOU3BONBHYIO AUIBIOHK TUBHYIO
dynknmio f/(2/) k TepeMeHHBIX MOXHO TIPEICTABATDL B BAIE KOHBIOHK-
[W¥ IM3BIOHKTUBHBIX QYHKIUH OT TPeX HEePEMEHHEIX (38 CUeT BBeJEHMUS
JOTONHATENLHEIX TepeMeHHbIX 4! ). O6o3HaumM uepes y; TepeMeHHyo z]
WA z] B 3aBUCHMOCTH OT TOLO, KaK i- KOMIOHEHTa 2/ BXOIMT B pac-
CMAaTPUBAEMYIO NU3BIOHKTUBHYIO (DYHKIWIO; TOTMA TOCIETHIOD MOXHO
samucaTh Kak Y1 Vys V...Vygp unpu k > 3 3amenuts na KHP:

(1 Vo Vul)&(ys Vul Vul)&e(ys Vul Vul) ...

J J J
&(yr—2 Vup_,Vuy 3 )&(ye—1Vyr Vup_g).
OrMmeTuM, 4TO AaHHAasd 3aMeHa He ABJAACTCS DKBUBAJCHTHOW. Jeii-

CTBUTENBHO, €CJIW WCXOMHAS NU3BIOHKTUBHAs (DYHKIUS PaBHSIACH HY-
a0, To moctpoennas KH® paBHa Hysto mpw Beex 3HAYEHUSAX %, HO €CJHU
MCXOMHAs MU3BIOHKTUBHAS GYHKIWS paBHsIack 1, TO HafimeTcs Takoe
saavenne u, 9ToOb KH® paBmsaack 1. DToro, omHako, IOCTATOIHO A
COXPaHEeHWs] OTBETA Ha BOIPOC O CYNIECTBOBAHWY BBITIOJIHSIONIETO HAOO-
pa.

YIIPAZKHEHUWE 4. 3aBepiiuts gokaszateasctBo NP-moJi-
Hotsl 3agaun 3-BBIII (paccmorpers cayuan k < 3).

2. YuusepcaibHOCTS 33134 u3 Kiaacca NPC (NP-nosHex 3amaq) co-
CTOMT B TOM, 4YTO OCHOBHBIE HEPETIIEHHBIE BOMPOCH st Kaacca NP (Heme-
TePMHUHUPOBAHHO MOJHHOMHMAJIBHBIX 3a7a4) J0CTATOYHO Pa3PENTUTh XO-
Tst 6b1 A5t omuo NP-1osHOM 3a1aum, YTOORI MOJYUYUTE OTBET JJIsI BCETO
kigacca NP. Kpome yTBepxnenus 6 31ech TakXke BaXHO

YTBEPXKIEHUE 10. Ecau nis nexotopoit NP-nmoawno# 3amaun II mo-
HOJHUTEIbHAS K Heil 11 npuHamiexutT kiaccy NP, o NP = co-NP.
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HOKA3ATEILCTBO. Tax kak II € NPC, 1o VII' € NP IT' « II,
oTcoa u o« (moMHOMWAIBHOE CBEEHUE OCYIIECTBISIETCS TOH XKe
dbyuKumen — cM. onpenenenue 6). Ho II € NP, 3nauur, I € NP
no yreepxaenuio b. C ygerom npomspoabrocTu II' € NP momyqwnin,
qTo co-NP C NP. O6paTHoe BKIOUEHHE NOKA3HIBAETCS HA OCHOBAHUT

oueBuaHoro paercTra Il = II.

Hanmomuum, uro runoreza NP = co-NP B HacToslIlee BpeMs: Ka-
®KeTcs HepeaJpHoU (peadbHas runoresa P = NPNco-NP), u Bpsig aun
nutst kakou-aubo NP-tiosHoM 3anauu yaacTes 10Ka3aTh IPUHAIJIEXHOCTE
kaaccy co-NP. [losTromy niist KOHKPETHON HEIEPMUHUPOBAHHO MOJUHO-
MuaabHOW MaccoBo# 3amaum IIENP, ecim ee perienue mpemcTaBiseT
WHTEpeC, IMeeT CMBICH TIOMBITATheA IoKa3aTh BKiouerne I1 € NP (T.e.
ee XOPOIIIYI XapaKTePU3allnio) ¥ 3aTeM MOCTPOUTH TOJMHOMHUAILHBIH
AJITOPUTM peIeHusi, Jubo, KOTIa YKa3aHHOe BKJIIOUEHWE He TOKa3bIBAET-
csl, HAIO TMOMPObOBATH MOJUHOMUAATIEHO cBecTH K Il omHy M3 M3BECTHBIX
NP-nonubix sagaq (1.e. nokazars NP-nogHoTy IT) u B caydae ycnexa
HOTBICKUBATE TepebOpHYIO cXeMy pellieHus (YUMTHIBas OTPaHWIeHNs Ha
PasMePHOCTH PAKTHUECKH PENTacMBIX WHAMBUIYAJBHBIX 3a1a4).

HokazaTenbcTBo yHuBepcadbHocTu II, T.e. Bkaouenus IIENPC,
yIoaeTcsi He BCernla, M B TEOPUHU CJIOXKHOCTHU OBLI BBeNEH OOBEMIIONIAN
NPC xiuacc NP-mpydubiz 3amad, comepxKaliuii

1) II pacnosHaBaHUs CBOKCTB, A KOTOPHIX mHoKaszaHo, 9To IT' oc TI
nas II' € NP C, uo re mokasato, 9to IT € NP (B wacTHOCTH, 5T0 331291
ITeco-NPC);

2) II onTuMm3aImH, IS KOTOPEIX cooTercTyomue I pacmosHa-
BauWs cBoiicTB NP-nosHEl (HampuMep, 3amada KOMMWBOsIKepa u3 1.1
§1);

3) ¥ ocTaJbHBIE MacCOBBIE 3aja4r (He 0OA3aTelBHO PAaCIo3HABAHUS
CBOWCTB), K KOTOPBIM c8odamed no Treiopuney kakue-mmbo NP-mosHbE
sagaun II' € NPC, rue ceonumocthb o Teiopuary — IT’ ocp IT — o3Ha-
YaeT, 9TO W3 CYIECTBOBAHUS MOJMHOMUAJBHOTO aJropuTMa pernenns I1
CJIEyeT CYINECTBOBAHME MOJMHOMHUAILHOTO aJropuTMa u mus 117,

Sanaun II (He 06s3aTeBHO PACTO3HABAHUS CBOUCTB), AJsT KOTOPHIX
JII’ € NPC: II' oy II w 311" € NP: II oy I1”, masmBaroTcs 3amava-
mu u3 Kaacca NP-oxeusasenmuniz.
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Bce paccmorpennbie Hamu Kaaccet 3agad II — xaaccvt caoscnocmu
BriodaioTest B obmnuil kiacc PSPACE maccoBbix 3amad (He o0siza-
TeJBHO Paclo3HABAHWs CBOMCTB), JJIS PEIIEHUS KOTOPHIX CYIIECTBYIOT
aJTOPUTMBI, Tpebyiotre He Gojiee YeM MOJMHOMHUAJBHON maMsTu. Bo-
npoc o paBeHcTBe P u PSPACE gaBnsercs oTKpuITHIM. Pabouas ru-
noresa cocTouT B Haguumm crpororo BrJatouenus PCPSPACE, npu
stoM NP-nosabie, NP-Tpynubie u N P-s5kBUBaJieHTHBIE 3a/1aUM TOJKHEI
BriodaThcss B PSPACE\ P. (CooTBeTcTBYOIIYIO IHArPAMMY B3auMO-
CBSI3M KJIACCOB CJOXKHOCTH cM. B [2, ¢. 412].)

3aMeTHM, YTO TEOPETUYECKH PACCMOTPEHHYIO CXEMY TOCTDPOEHUS
KJIACCOB CJIOXHOCTHU MOXHO TIPUMEHSITh ¥ IJIsl IPYTUX CXeM KJiaccupuKa-
I[IWH; B YaCTHOCTH, BBOAAT Takke Kiacc PSPACE-nonHex 3a1a4 (K KO-
TOPBIM MOJHHOMHAJIBHO CBOAXTCS Jobas 3amada u3 kiacca PSPACE).
Kpome mosmHOMMAIBHOW CBOAMMOCTH MOXHO AHAJOTHYHO TOBOPUTH O
JIOTapuPMUIECKON CBOIUMOCTH, O 3aadax, TpebywoIux Jorapudmuye-
CKOW TaMsiTW W T.I. B HacTosiiee BpeMsi Haubojee WHTEHCUBHO W3yJa-
eMbIM 37ech okasbiBaeTcst Kiace NC (Nick Class, asrop N. Pippenger)
3a71ad, PElracMbIX 3a BPeMs, OrpDAHUYEHHOE TIOJWHOMOM OT JoTapudma
JJTHHBL BXO/Ia, W TPeOYIOIINX TOJMHOMHUATBLHON NaMsITH (JorapudMude-
CKOE BPeMsI TIPH BO3MOXHOCTH MOJHHOMMAIBLHOTO UHCJIa MPOTECCOPOB).
K coxagenuto, nznoxenune nmoaydenHbx mist NC pe3yJabTaTOB BRIXOIUT
33 PAMKW BBEIEHWs B TEOPUIO CIOKHOCTH.

3. Panee yxe oTMeuanoch, 9TO ¢ TPaKTUUIECKOW TOUYKH 3PEHUST Pas-
HWIA MEXIY TOJMHOMHUAIBHBEIM aJTOPHTMOM (JIJIS TOJMHOMOB BBICOKAX
CTeNeHel) W HKCIOHEHITMAIBHBIM BEChMa YCJIOBHA, a BCE I€JI0 B BO3MOX-
HOCTH WU HEBO3MOXHOCTH M36eXaTh TIOJHOTO lepebopa. Bompoc, Bee sm
NP-noaubie 1 NP-TpynHbie 3a1a4u TPYAHBL 1Js TPaK TUYECKOTO CUETA,
MBI OOCYIMM HEXe B 5TOM Taparpade.

Pacemorpum camyto npoctyio (o dopmyanposke) NP-Tpynnyo 3a-
mady — 3amady o pioksake (3P), sakmouamoriyiocss B TOM, YTOOEl U3
WMeToTTeTocsT Habopa TTOJIE3HBIX Belllel cobpaTh PIOK3aK OTPaHUIEHHOTO
obbeMa ¢ HauboJabIlel noab3oi. PopMasibHO TpebyeTcs HalTH

n n
max {E ¢j 2] E wjzj < K},
z: z;€{0,1} Vj=1,...,n = iz
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rae ¢; € Z4 — mogesnocTs (meHHOCTR), w; € Zi — 00beM (Bec) j-i
BEIlM, a NepeMeHHasl z; OIpeessieT KJIacTh WM He KJIACTh €€ B PIOK3aK;
MaKCHMaJdbHO BO3MOXHBIA 00beM (Bec) pIOK3aKa 3aJaeTcs MapaMeTpOM
K € Z,. CooTBeTcTByoIIas 3a/ada paclo3HaBaHWs CBOHCTB — CYIIe-
cTByeT giu OyJIeBO PEIEHUE CUCTEMBI IBYX JHHEWHBIX HEPABEHCTB

n

chzj >B n Xn:wjzj <K

j=1 j=1

¢ HaTypaJbHBIMH KodddunuenTamu — NP-nosHa (I0KasaTeabcTBO He
cJefyeT W3 yTBepXKaeHus 8, Tak KaK pacCMaTPUBAETCs YaCTHBIN CIydai
BJIH, nostomy cm. [1, c. 87 wim 2, c. 386]). Hast pernenust 3P w3BecTen
CHEMYIONIHNHA METON (JUHAMUNECKO20 NPOZPAMMUPOEAHUA).

IIpomsBoabuas wHauBUAYaJdbHas 3amava I€3P morpyxaercs B ce-
MeHCTBO 3a/1a9 MONCKa

n n
F(E) = max _ {d ezl Y wiz <K - E},
z: z;€4{0,1} Vji=i,....n —
J=t J=
F1(0) — snauenwe 3P. U permatorcs Bee 3a1a4d TaHHOTO CEMERCTBA O
PEKYpPPeHTHBIM (hopMyaam, rie ¢ yoriBaeT ¢ 1 1o 1. A UMEHHO, MOJOXUM

F,(E)=0 VE> K, VYi. Nveem YVE=0,K—1:

0, E>K—w,,
Cn nHade,

Fo(F) =

uVi=n—1,...,20 F(E)=max{F;i1(F), ¢; + Fi1(F+w)} =

= max {¢z+ Fp(F+wz)}; Fi(0) = max{Fy(0), ¢1 + Fa(wq)}.

ZiE{O,l}

Uwucao wrepaliuii NpenjoXeHHOrO aJropuTMa paBHO nK U TOTO Xe
mopsiaka OymeT ero BpeMEeHHAs CJIOXHOCTL. OTMETHM, 4TO aJTOPUTM He
SIBJISIETCSI TOJMHOMUAJIBHBIM, MO0 1Jis 3anuck yucyaa K TpebyeTcs mopsii-
ka logy K cMMBOJIOB; OH TaKXe OKa3bIBaeTcs nepebOpHBIM — nepebupaer
BCe BapHaHTHI 3aIOJHEHHOCTH pioK3aka. OmHako IpH He oYeHb OOJIBIITTX
obbeMax PIOK3aKa MOXHO AOBOJBHO OBICTPO TOJYUYHMTEH pelenue. s
000bITIEHNsT YKa3aHHOTO CBOMCTBA MaauM
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OnPENENEHUE 8. O6osHauum depes num(I) MakcHMaJbHOE MO MO-
nyato nesoe gucao (uwnu 0), GUrypupyolee Ipy 3a1aHUK TUCIOBBIX Ma-
paMeTpoB [/ MHAWBUIYaJbHOH 3amaun I, u uepes |I| = |e(I)| — mummy
samucn I. AnroputM A perierns Maccoodi sagaum IT (He obszaTennb-
HO PacTlo3HaBaHUS CBOKCTB) HA3LIBAETCS NCE8JONOAUHOMYBALHBIM, €CITH
mais HekoToporo nosuHoMa p(-, ) BeimoaHeHo ta(e(I)) < p(|I|,num(I))
VI eIl

[IpumMepoM TICEBMOTONMHOMHUAIBLHOTO AJTOPUTMA SIBISETCS AJTOPUTM
OUHAMHUYECKOTO TporpaMMupoBanus mis perennst 3P. [lis maorux npy-
rux saznaq (B gacTHOCTH, KM) MCeBIONOTNHOMUANBHBIX aJTOPUTMOB He
u3BecTHO. YTOOBI BHIIEJWTH KJIAcC TAKWUX 3a7ad, BBEIEM MOHSITHE 70-
AUHOMUAALHO20 cYxucenud MaccoBoi 3amaun Il kak MHOXecTBa Tex WH-
NWBUIYAJbHBIX 3a/1a4, YUCJOBHIE TTAPAMETPHI KOTOPHIX HE MTPEBOCXOMST
MOJMHOMa OT IJUHBI BXOIA,

IL,y = {I € O] num(I) < p(|1)}.

ONPENEJIEHUE 9. MaccoBas 3amaua Il pacmosnaBanusi CBOUCTB Ha-
3uIBaeTCa cuabio NP-noanod, ecam ee moawnoMuanabHoe cyxenne NP-
nostHo, T.e. Jp(-) — mommmom: II,) € NPC.

IIpumepamu cuabao NP-noanbix 3amau spiasiorces BBIIT u 3-BBIII
(kak cOBIAMAOIINE CO CBOMMHE MOJUHOMMAILHBIMEA cyxenusmu), BJTH
(mockosrKy BBIII Gbiiia cBefleHa K e TOJMHOMHUAJIBLHOMY CYXEHHUIO, B
KOTOPOM MOILYJIM MPaBbIX dacTedl He mpesbimaoT n), IIJIH (kak 0606-
menne BIIH B orsmune o1 3P), a Takke KM [1, c. 123-124].

TroPEMA 4. Ecam P # NP, 1o au mas xako# cunbio NP-mosHo#
3aa9¥ HE CYIIeCTBYET MCEBIONOINHOMUAATIBLHOTO AJTOPUTMA PEIEHMS.

HOKA3ATEIBCTBO npoBefeM oT npoTuBHOro. llycts IMT A perma-
eT cunbHO NP-mosmyio sapaqy II u VI € II ta(e(T)) < p/(JI|,num(T))
nas noguroMa p'(-,-). Torma VI € T,y ta(e(I)) < p'([I], p(|1])) =
p"(]1]), T.e. I,y € P — mpoTmsopeune ¢ I,y € NPC un yrBepxe-
oueMm 6.

Cunabno NP-nosHBIE 3a1a9M camTaloTCs Hambojee TPYMHBIMA LIS
cueTa cpeny Beex 3amad kaacca NP. Jlajee MBI OKaxKeM, 9TO IJIs IIO-
IOOHBIX 327124 B ONTHMH3aIIMOHHON OCTAHOBKE OTCYTCTBYIOT 3(hpeK THB-
HEIE AJTOPWTMEL [IOMCKA JaXKe MPHUOJIMXEHHOTO pellleHrs. PeKoMeHIye-
MBIM TOIXONOM K MX PeIleHHIO ABJIdeTca pasbheHue Ha nomsagadw I1:
D(IT') C D(II), Y(IT') = Y(II)ND(IT'), aHa/u3 cI0KHOCTH HOA3a1aY
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u paszpaboTka cxeM mepebopa (cm. B §§10,12) masa I € NPC. Ilpu sTom
nuist cutbao NP-TosHBIX Tof3a1a4 He yIaeTcs UCTIOJIB30BATE METO/ 1~
HAMWYECKOTO MPOrPaMMHUPOBaHUS B KadecTBe crocoba mepebopa (ubo,
[O-BUIUMOMY, PEAJTHU3YIOIINE €r0 AJTOPUTMEI MICEBIONOINHOMHUAIBHEL) 1
CJIelyeT OPUEHTHPOBATHCS Ha CXeMy MeTona BeTpeit u rpanwni (§§10,11).

§4. ITpubamxeHHOE pEIlleHne 3aaa9
KOMOMHATOPHON ONTUMHU3AIIANA

Onpedesenue 3adany KoMmOEURAMOPHOT ONMUMUIAYUYL U NPUBAUICEH-
HO20 QA20PUMMG ee peutenud. Ymeepocdenue o pasnuye mexcdy npu-
BAUINCEHHDIM U TROUHBLM ONMUMYMOM Jad 3adaun o proxsaxe. Onpedee-
HUE E-NPUOAUNCERHO20 AAZOPUMME U TOAKOCTIBIO NOAUHOMUAALHOY NPU-
bavocennots crembr (IIITITC). Coasp mencdy cyuecmeosanvem HITIHC u
ncesdonoavnomuatbnocmyvio. Teopema 06 omeymemsuy [HITTC dag 3a-
daw onmumusayuu, coomsemcmeyowur cusbho NP-noanvin 3adavan
pacno3naganud ceoticms. Hpumep zadanu o Kommugodicepe.

Baxwmprii kiacc MaccoBBIX 3amad obpasyioT 3edeus Juckpemmuot
(kombunamopnotd) onmumusayuy. s ONTUMHU3AIKMOHHON TOCTAHOBKY
samaun Il pemenveM Kaxkmow wHAWBUAyadbHoM 3amauu IEIl aBaseTcs
NIPOU3BOJbHAS PeaJu3alius ONTUMYMa

Optu(I) = (B3, /(L 2),

1.e. Takas Touka z*(I) € Sp(I), nns xoropoit fri(I, z*(I)) = Optr(I).
3necy Sm(I) — o6JacTh HOMYCTHMBIX 3HAUEHUH MUCKPeTHON (IeJ0Un-
ciernroit) mepemenno#t z, fm(I,-) @ Sm(I) — Z — rneneas dbyHKUASA
MHAMBAAYAJLHOA 3agaur I onTHMM3anuy, 3HAK Max B IOCTAHOBKE 3a-
Ia4M MOXeT GBITH 3aMeHEH Ha min.

Bynem o6o3HauaTh 0°g ¥ 05 Te KOMIOHEHTHI BxogHoro ciosa o = e(I),
OIpelesonero mapaMeTphl HHANBAAYaJbHOA 3ataun I € II, koTopkle
3a7a10T AOMYCTUMYIO OBJacTh (OrpaHuvYeHus 3aAauu) v QYHKIWIO Iie-
am coorBercrBenro. Hampumep, aas 3P wmeem fap(o,2) = (c, 2},
Sap(o) = {2z = (z1,...,2)|2s € {0,1} Vj = L,n u (w,2) < K},
os = (n,w,K) u 65 = c¢. 3necb u naJee 3HaK (-,-) 06O3HATAET CKAIIP-
HOE TIPOM3BENeHAE BEKTOPOB.
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OnpPENEIEHUE 10. AaropuTM A Ha3BIBAETCS NPUOAUNCEHHLIM O~
copummom peusenud maccogot dadevwu II onmumuseyvu, eciu VI € T1
OH HaXOIHUT HEKOTOPYIO ToukKy u3 gomyctumoi obiactu za(I) € S(I),
mpuHAMaeMyto 3a mpubaukennoe perenve. 3Hauenwe fri(I, 24 (I)) Ha-
3bIBaETCS MPUOIMKEHHBIM 3HaUeHWeM onTuMyMa u obosHadaercs A(I).

T'oBopuTh 06 abCOJIOTHON TOTPENTHOCTH MPUOIMKEHHOTO AJTOPUT-
Ma PeIeHusT MacCOBOH 3a1ady ONTUMHU3ANUK (Ha KJIacce BCEBO3MOXKHBIX
WHIUBUAYAJbHEIX 3a/a4) He UMeeT OOJBINIOTO CMEBIC/Ia, KakK TTOKa3hiBaeT

YTBEPXKIEHUE 11. Eciiu P # NP, To uHn nis Kakoil KOHCTaHTE
C > 0 He cyImecTByeT MOJMHOMHUAJIBHOIO MIPUOJIMKEHHOTO aJdropuT™Ma A
pemerust 3P ¢ onenkoit |Optap(I) — AT)| < C VI € 3P.

HOKA3BATEIILCTBO mpoBefeM OT TpoTwBHOTO. IlycTh HalileHBI Ta-
ke C' m A. TocTponm anroputm A’ cremyrommm obpasom: VI € 3P
TOMHOXWM Bce KoadduimenTr ¢; Ha C' + 1 — MOTyInM WHIUBHIYATE-
myo 3amady I’ € 3P, k KoTOpoii IpEMEHNM aJTOpHTM A W pa3feaum
nonyuenusiit oreer Ha C + 1, Te. A/(I) = AX)/(C + 1). Ouepun-
Ho, Optap(I') = (C + 1)Optzp(I) ¥ U3 NOJMHOMHATBHOCTH AJTOPUT-
Ma A BBEITEKaeT noJmHoMHadbHOCThL A’. Tlpm sToM ero To4HOCTHL paBHa
(Optap(I) — A'(T)] = |Optar(T) — AT)|/(C +1) < CHC+1) < 1,
T.e. paBHa HyJ10 (Tak KakK BCe 3HAUEHUS IeJeBoil GyHKIuH menasie). Ilo-
JYYUIU TOJUHOMUAJBHBIN ajropuTM TouHoro pemieaus 3P. I[lposepka
Optsp(I) > B noiuHOMHAIbHA, 3HAUAT, TOCTPOMIM M HOJHHOMUAb-
HBIU aJropuTM perienus 3P B mocTaHOBKe pacrno3HaBaHUs CBOWCTB, UTO
€ YYETOM YHUBEPCATIBLHOCTH MOCJIENHER TPOTUBOPEYUT YTBEDPKIEHUIO 6.

OnPENEIEHUE 11. [IpubanxeHHbIi aJropuT™ A pelreHuss MaccoBOM
sanaan I1 onTuMusaum Ha3EIBAETCS E-NPUOAUNCEHHBIM BA20PUTMOM PE-
mienns II nis sekoToporo € > 0, ecan

Optn() — AT

|Optu(T)|
T.e. er0 OTHOCHTeJbHAs TIOTPENTHOCTE He MPEBOCXOAUT €.

Has e-pubamXKeHHBIX aJITOPUTMOB TPUBENEM CIENYIONTHAN pe3yabTaT
[2, c. 439], noKa3aTENIBCTBO KOTOPOIO OCHOBAHO HA METO/E AMHAMUYECKO-
ro IPOrPaMMUPOBAHUS W B TaHHOM KYPCE OMYCKaeTCs.

TEOPEMA 5. llycrh mag sagaun I1 onTuMmusanun

1) cymecTByeT TCEBIOMONMHOMAANBHEIR AJTOPHTM €€ PEIeHNS;
VI eIl |Opto(D)| < p1(JIl,num(I)) u num(I) < p2(|I], Optn (1))

VIeIl <eg,
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IS HEKOTOPBIX TTOJMHOMOB p1 (-, +), pa(-, );

3) Yo = e(I), I € II: mapaMeTpHl 05, 3afalONlhe OTPaHUYIEHUS, X Oy,
3a/alolre MeaeByio GYHKINIO, He lepecekaioTes, u Vz € St(o) dyHkims
nemn fri(o, z) AMHEHHO 3aBUCHT OT MapaMeTPOB 0f;

torga 3p(-,-) — noamaoMm: Ve > 0 I e-TIpUOIMKEHHBIH aJrOpUTM
A, pemenus IT ¢ Bpemenndi caoxuoctoio Ta_(|I]) < p(|I], 1/¢).

Teopema 5 crpaBeniuBa, HanpuMep, mis 3P (cpaBHuUTEe pesyabrar
¢ yrBepxaenuem 11). Habop anropurmos {A.}, onpenefeHHEIl B Teope-
Me D, Ha3BIBAETCS NOAKOCTbIO NOAUHOMUAILHOT NPUCAUICERHOT CTeMOl
(IIITIC) pernenus 3anaun II onTumusannu. Hamawaue MIITC — mywiee,
YEro MOXHO OXunaTh mpu pemmeann NP-Tpynaeix 3agad. K coxarenuio,
B IIEJIOM PSifie CIyYaeB Ha 5TO HeJb3sl PACCUYNTHIBATE, TaK KaK MMEETCs

TrOPEMA 6. Ecam nag II ontumwmsanuu cooTBeTcTByIommas e I
Pacmo3HaBaHWs CBOMCTB sBJsgeTcs cuabHo NP-nosuoi m Ip' () — mo-
amaoM:  |Optrr(T)| < p'(num(T)) VI € II, To npu yciosuu, uto P # NP,
nast IT we cymectyer HITIC.

HOKA3BATEIBCTBO mpoBenem oT nporuBHoro. llycre IIIIIC cymmre-
creyeT. [locTponm anroputm A’ caemyroram obpasom. as mob6oir wH-
nwBuayasbHod 3amaun I A’ BembBaeT A, ¢ £ = 1/(p" (num(I))+1).
Torpa mo onpeneseHnio e-pubamKeHHoro agroputma A, |Opt(I) —
A(1)] < |0ptn(D]/ (P (num(D) + 1) < p'(num(D)/ (7 (num(D) + 1) 1o
ycaoBuio TeopeMbl. Ho B JIeBO# YacTW TMOJNYYEHHOTO HEPABEHCTBA ObI-
JIO TIEJIOE YMCJO, KOTOPOE OKa3bIBAETCS PABHBIM HYJIIO KaK HEOTPHIla-
TeabHOe, MeHbiee 1. Taxmm obpasom, agroputMm A’ ToweH, mpudem
Ta(|1) = Ta. (1)) < p(1I],p'(num(I)) + 1) no onpenenenuio MIITIC.
CrnenoBaTenbHo, adropuT™ A’ NceBaonoJuHOMHAaJEH, 9TO IIPOTHBOPEIHT
TeopeMe 4.

YTBEPXKIEHUE 12. Ecim P # NP, To um nns kaxoro € > (0 He
CYIIECTBYET TMOJUHOMUAIBLHOTO £-TPUOJINKEHHOTO AJTOPUTMA PEIIEHUsT
ONTUMHU3AIMOHHON TOCTAHOBKY 33184l KOMMUBOSIXKEPA.

JTOKA3ATENBCTBO cM. B [2, c. 440-441].

Hus wactHOro caydas KM, B koropoMm dyHKIms d(-, ) paccTos-
HHsI MeXIY TOpPOIaMU YIOBJIETBOPSET HEPABEHCTBY TPEYTOJBHUKA, W3-
BecTeH (.5-mpubINKEHHBIN MOJMHOMUAJIBHEIA ajropuTM KpucTodumeca
[2, c. 429-432] (pemenns KM onTumMusanmm).
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2. OCHOBBHI IMHEMHOI'O TIPOITPAMMMPOBAHMS

Jumepamypa:
3. Xayusnu JI. I'. CaoxHocTh 3a/1a4 JUHEHHOTO TPOTPAMMUPOBAHUS.

M.: 3uanwe, 1987, N 10.

§5. I[loEATHE O CJIOKHOCTH 3aTATH
auHenHOro nporpammuposanus (JIII)

Onpedesenuve ocnosnot zadauy JII (03JII1). HIpunyun epenuunvis
pewenut U 2eomempurneckoe ONUCAHUE cumnaekc-memoda. Aszebpau-
weckad u 6umosad caodcnocms memodos JIII. Pesyabmambvt no caosic-
nocmu 3adav, 6auswur x JII. Teopema o epanuyar pewenui 3adaw JII ¢
yeabimt KoapPuyuenmamu. Teopema 0 mepe HECOBMECTIHOCTIUY CUCTLEM
AUHEUHBIT HEPABEHCTNGE C YeAbIMY KodPPuyuenmamy.

1. Coruacuo [3] sunellHOe IpOrpaMMUPOBAHUE — 5TO Pa3ied HpH-
KJIQTHOW MaTeMaTHKH, U3y YalolIui TEOPHUIO, IIPUJIOKCHNS U METOABI pe-
IIeHUs KOHEYHBIX CUCTEM JIMHEHHBIX HEPABEHCTB C KOHEYHBIM YMCJIOM
BEIECTBEHHBIX HEU3BECTHBIX L1,...,%Tn:

a11%1 + G122+ ...+ a1y, < by
9121 + ag9o+ ...+ aony S b2 (1)

Am1T1 + Q2% + ...+ Gmn Ty Sbm

wian B cokparernon 3anucu Az < b. Cumraem, uTto maTpura A He co-
TEPXKWUT HYJEBBIX CTPOK @;. Ocnoswad zadaua JII (03JII1) cocronT B
HAaXOXEHUM Takoro pemieHus (1), KOTOpoe MaKCHMU3MPYET 3a]aHHYIO
JUHeHHYTO QYHKIIUIO (c, x) =c1z1+ e+ ...+ Ty BEKTOPA HEMBBECT-
HBIX & 110 BCEM BEIECTBEHHBIM &, YIOBJIeTBOpsONMM cucTeMe (1):
max  {c,z); (2)
zeR": Az<b
o3JITI (2) ¢ n HEM3BECTHBLIMH W M OTPAHWIEHUSIMH HA3BIBAETCS 3a1auei
pasMepHOCTH (1, M) ¥ 3a73eTCs YUCIOBON Tabinied

aiq a9 P Ain b1

a9 a9o . Aoy, b2
3)

Gml Gm2 --- Qmn  bny

c1 cs ... cCp 0
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cBoux KosddunuenTos. B wacTHoM cayuae ¢ = ( 3anaua (2) sKBuBaJeHT-
Ha (1), Tak uTO yMmenue pemarh o3JIIl mpennmosaraeT yMeHHe pernaThb
cucTeMbl auHelHEX HepaseHcTs (JIH). B §7 6yner mokasaHo obpaTHoe
cBenenre. Boobire ropops, B dhopme (2) MoXeT GBITH MpeacTaBIeHa Jio-
6as zamgada JIII ¢ orpanmyeHIMY paBEeHCTBAMHU U HEPABEHCTBAMH, B TOM
uncse kanonuvecked 3adavwa JIII

max (¢, ).
Azr=b, 20

(Bmeck w masiee yepTa CBEpXy OYIeT MCIOJB30BATHCS IS BbIICJICHWS
BEKTOpa B OTJIMYHE OT TIOXOXKETO UUCIA. )

YIIPAXZKHEHUWE 5. IlpeacraBuTh KAHOHHUYECKYIO 3agady
JIIT B ¢popme o3JIII.

HecmoTps ma To, uTo dopmaabho 3anaun JIII He sBasioTCT qucKkpeT-
HeiME (# € R™), WX pellicHHe HETDPYIHO CBECTH K TepeGOpy KOHETHOTO
ycJia yIIOBEIX ToUeK (BepIiuH nomaapa (1), 3amaorero orpaHuyIeHns )
Ha OCHOBAHWU NPUHYUNG 2PAHUYHDIT PEeULeRnUL:

ecan 3anada (2) UMeeT pelleHre, TO HARAETCst Takas moaMaTpuia Af

MaTpHIEl A, 9To M060e pernenne cucTeMbl ypaBHenui Ajx = by, T.e.

{ainz1 + aipwa+ ...+ Gy, = bs| i €T},

peaamsyeT MakKCUMyM B (2).

OTMeTHM, 9TO AJIs HEBBIDOXKAEHHLIX Aj peIleHme COOTBETCTBYIOUIEH
CHCTeMBI ypaBHeHWE Ajr = by, ymoBaeTBopsiomee orpanudenusm (1),
SBJSETCS YTJI0BOU ToUKOH (1). VI3 MpHHIHIIA I DAHUIHEIX PETIEHAH CJIemy-
eT, 9TO ecan yraosas Touka (1) cymecTByeT, To paspermmumast 3agada (2)
MMeeT pellieHre | B yTJIoBol Touke (1), T.e. OHa 5KBUBaJeHTHA MaKCHMHA-
saruu (¢, 2) Ha KOHETHOM MHOXecTBe BepinuH nosausapa (1). Mpornenypa
PEIeHnsl CHCTEMBI JMHEMHLIX YpaBHEHMH MeTOnoM l'aycca TpebyeT He
BoJiee mosuHOMa 3-#f cTenenu or m,n (Tounee, max(m, n)[min(m, n)]?)
apudmMeTHIecKuX oneparmii ¢ saementamu A m b. OmHako 4ucao BO3-
MOXHEIX TOAMATPHI] MATPHUIEl A 5KCIOHEHNNAJLHO, ¥ METOM IMOJHOTO
ux nepebopa He 3hPHeKTUBEH.

B 1820-x rr. 2K. ®ypre u 3aTem B 1947 1. k. JTanmur npenioxu-
JI¥ METO[l HalpPaBJeHHOTO mepebopa cMeXHBIX BepuH (1) — B Hampa-
BJEHWM BO3pacTaHWs leneBodl GyHKmA (2) — cumnierc-memod. XoTs
KaXIBIH I1ar CUMILIEKC-MeToa (TTPEcTaBISsIONIUH cOG0H OnpeieJeHHY IO
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[POIENYPY MepecyeTa SIeMEHTOB CHMILIEKC-TabMuIIE! (3)) orpaHUveH 1o
TMOPSIIKY YHMCJIOM M7 apu(pMeTUUECKUX ONEPAIldil, B HACTOSIIEE BPeMs
IJIsl BCEX W3BECTHBIX BapMaHTOB CUMILIEKC-METONA MPUBEIEHB TTPUMe-
PHI, 5KCIIOHEHIMAJBHBIE IO YUCIY UTEPAIni, Korna nepebupaercs H6oiee
omin(n,m/2) pepuHE, HO HOKA3ATENbCTBO HEBO3MOXHOCTH [IOCTPOUTH IO
JIMHOMWAJIBHBIA CUMILIEKC-METOM TakKXe oTcyTcTByeT. [lomuepkrem, 410
Ha MPaKTHKe CUMIJIEKC-METO]] He MOKa3biBaeT TaHHOU orleHKH ( “ritoxue”
[PUMEPHI TOBOJBHO pelik#). MOXHO MOCTPOUTH ajrOpUTM PEIICHHUs 3a-
mauu JIII ¢ onenkoii f(n)m apudMerTndyeckux omepannii (Hal YHCIaMHA,
samucanubME B (3)), e f(+) pacTeT GBICTpPee SKCIMOHEHTH. AJITOPUTM ¢
TMOJMHOMHUAIBHON OIEHKON OMHOBPEMEHHO TI0 7 M 11 HE W3BECTEH W BPSI
Ju 6yAeT TOCTPOEH.

Temepr 3aMeTuM, 9TO QYHKIHSI, ONMEHUBAIONIAS YUCIO apudMeTHde-
CKWX OIEPaIdii B 3aBUCHMOCTH OT T W 1, HE YUATHIBAET IJIWHY KOIA
5JeEMeHTOB (3), a TOJBKO WX KOJHYECTBO W MOSTOMY HE SIBJISETCS Bpe-
MEHHOH CJOXHOCTBIO aJrOpUTMa. Y KazaHHas GYHKIWS HOCUT Ha3BaHWE
ageefpayneckols CA0MCHOCTYU B OTJIUYUE OT OUMOBOU CAONCHOCTYU —
(DYHKIMHU, OIEHMUBAIOIIER YUCIO apudMETHIECKUX ONEPAIldil ¢ OWTaMu
(MM ¢ KOHEYHBIMHW TOPIMSMM — IO DPasMepy MAaIlWHHOTO PErwucTpa)
U POBOR 3alMCU TapaMeTPOB WHAWBUAYadbHOW 3amaqn JIII B 3aBucH-
MOCTH OT IJUHBI BXOMHOTO CJOBa, T.€. OT M, M W AJUH | KOIOB umces
B cuMiiekc-Tabauie. QueBuaHO, 6UTOBas CIOKHOCTEH AJTOPATMA COOT-
BETCTBYET €ro BpeMeHHOH cJokHOCTH (cM. §1). BxonHbre K03)OUITHEHTH!
samaan JIII oOBIYHO palMOHAJIBHEI, TOSTOMY MaJee yCJIOBUMCS CUNTATH
WX TeJBIMM, TOTHa | — IJIWHA 3alucd MaKCUMAaJdbHOTO KO3h(UIMEeHTa
B (3) — xoneuna. Habop (n, m, |) HaspiBaeTCcst OMTOBOM Pa3sMEPHOCTHIO
samaun JIII. Bompoc o cymiecTtBoBanmu anropuTtma JIII ¢ mosmHOMMA B
Hol 6uToBOH caokHOCTEHIO OBl perie JI. I'. Xauusguaom B 1978 1., 1 Tem
caMBIM Oblia MoKa3aHa ToauHOMHATbHOCTE 3amad JIII. OcHoBHBIE MO-
MEHTEI 5TOTO J0Ka3aTeJbCTBa M3JaraloTCs B CAeAyIoIeM MyHKTe u §6.
3mech Xe yKaXeM Ha OTJMIHe KJIaccoB caoxuocTu 3axaqn JII u npyrux
JIMHEUHBIX 3a/7a4.

Meton I'aycca pelienusi cucTeMBl JIMHERHBIX aJrebpanvyeckKux ypas-
HEHUU MMeeT TOJUHOMUAIBHYIO aJdrebpanvecKyo CIOKHOCTE, T.€. SIBJIs-
ercst cuabronosunomuasvuvim. s JIII Bompoc o cyImecTBOBaHUHU CHIIB-
HOMTOJMHOMHUAJBHOTO aJdropuTMa OTKpHIT. KpoMe Toro, 3amada pernenns
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CUCTEMBI JUHERHBIX ypaBHeHWH npuHanitexuT Kiaccy NC, a aHamoruy-
HEell pesyabTaT aas JIII oznagarn 661 paBercTBo NC=P, oxunaTh KOTO-
pOe HET OCHOBaHWH.

W3 moaumnommadbrocTu JIII BEITeKaeT MOJNMHOMHAJLHOCTE 3aladu
JIH (cymectByer Jm pemenne cucrtemsl JIH): JIH € P. Awnamorwu-
HBIE 3aJa49d C JOMOJHUTEIHLHBIM OTPDAHUYEHWEM IEJOIUCIEHHOCTH WA
oynesoctu pemernss NP-noaner: IIJIH, BJIH € NPC (cMm. §2), Te.
MOJMHOMHUAJNBHBIE AJTOPUTMEL IJIsT HUX BPSI JiM OYIyT MOCTPOEHEI.

CymecTByeT HEnosmHOMUAIbHOE 0000IeHne JII1 — 3amada mpoBepku
MCTUHHOCTY BHICKA3BIBAHWUN BHIA

lel .. -ann F(<a17x> S b17 . .,<Gm7$> S bm)7

rie Qi € {V,3}, a F(+,..., ) — mOpemioxeHue, COCTABJIEHHOE U3 JIH-
HEWHBIX HEPABEHCTB C MOMONIBIO CBsi30K &,V,— (M, WM, OTpHUIaHHE).
Hoka3zaHo, 4To JI06OHA AJrOPHTM, PENIAfoNIMil 3Ty MaccoBYIO 3ajady,
HMeeT He MeHee 4eM 3KCIOHEHIHUAJBHYIO CJOXKHOCTH. TOT Xe pesyib-
TaT 6yNeT W IIPH 33aMeHe PaBEeHCTBAMH BCeX HEPABEHCTB B IIOCTAHOBKE
3a/1a4H.

2. PaccmoTpuM HekoTOphIe cBoiicTBa 3anad JIII ¢ meawimu xkoaddu-
nuenTaMu. s aioboil mejJouncieHHON MaTPHUIE [) BBeleM napaMeTp

A(D) = max |det D'].

{D' — xBanpartHas nogmarpuua D}

Bynem obosnauaTh uepes [A|b] marpuiy, cocrapiaennyio us A u BekTopa-
cronbna b € Z™, nonmcaHHOTO cripaBa. Jmaech u gajee Z™ — m-MepHOE
MPOCTPAHCTBO MEJOUMCICHHBIX BeKTOPOB, ZY' — ero HeoTpHIaTe bHbIH
OpTaHT.

TEOPEMA 1 (o epanuyaxr pewenud). Ecau o3JIIl (2) pasmeprocTH
(n,m) ¢ neapMu Ko>GOUIHEHTAME pa3peluMa, TO ¥ Hee CYNIeCTBYET
parmonaibHoe perenne z* B mape ||z|| < n'/?A([A]b]) u 3mauenuem
o3l (2) d* = (¢, #*) sBAAETCS paNMOHAIBHOE YUCIO £/$ O 3HAMEHaTe-
JIeM, OTpaHWYeHHBIM BesauauHol A(A).

JOKABATENLCTBO. Ha ocHOBaHMM NIPUHININA I'PAHUYHBIX PEIICHUR
3Ar C A: o npasuiy Kpamepa |2}] = [det A7 /detAr| < A([A]b]), ubo

|detAf| > 1, a onpenenurens Marpuubl A}, nomyuennoi us A; 3ameHol
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Jj-ro cTosbiia Ha +by, He mpesbimaeT mo Moy o A([A]b]). Orcoona aas
EBKJIMIOBOM HOPMEI Z© mosaydaem Tpebyemyio onenky. C ydeToMm meJo-
YUCJEHHOCTH BEKTOpa ¢ 3HaMEHATeJ b d° MOXeT OLITh BEIOpaH PaBHBEIM
3HaMeHaTeso rT Vj, m 2-e yTBepXKIeHne TEOPEMEI CJIEMyeT W3 OIpE/ee-
must A(A) > |detAg|.

OnPENEJIEHUE 1. Touka x° HasbIBaeTCs E-MPUOINKEHHBIM DEIIEHM-
eM CHCTeMBI JUHeRHEIX HepaseHCTB (1), econ

{ai,z°) < b;+¢e Yi=1,m, rne a; — i-a cTpoKa MaTpHUIEl A,

WM B MaTPWYHOM 3aIMch, 0O03Ha9as € — BEKTOP-CTOJOEI W3 eMuHMNII,

Az® < b+ ce. (1.)

TEOPEMA 2 (o mepe necosmecmuocmu). Ecau cucrema JIH (1) ume-
eT £1-mpubanKeHHOe pernerune mis €1 = 1/[(n+2)A(A4)], To sTa cucTema
pa3pernnMa, T.e. IMeeT TOUYHOE pelllenue x'.

HOKA3ATEILCTBO. Obo3HaunMM Uepes £ MUHUMAJBHOE £, IPH KO-
TopoM cucTema (1) umeeT perrenne (o yciopuo €* < £1):

= min £.
(z,e): Az<b+ce

HomycTuM, 94To yTBEPXKIEHAE TEOPEMEI HE BepHO, Toraa £ > 0. anaua
onpenesenus £* sgBasercs (¢ ydeToM paseHcTBa min(-) = — max(—))
03JITI ¢ neseseim BekTopoM ¢ = (0,...,0,—1), n+1 mepemennbiMu (z,¢€)
u orparuvenusmu Az — e < b. CaemoBaTeabho, o Teopeme 1 €% Moxer
6BITEL IIPECTaBIEHA B BU/IE TPOOU CO 3HAMEHATEJEM, HE MPEBHIIAIONTAM
A([Al—e]) < (n+ DA(A), Tee. " > 1/[(n+ 1)A(A)] > &1 — upwurtu
K MPOTHBOPEYHIO C ONpENeJeHneM £,

Amnanormanoe yTBepxaenue crupasenauso u ais o3JI1I.

OnPENENEHUE 2. Touka x) HaspIBaeTCs £-MPUOIMKEHHBIM PEIeHH-
em o3JIII (2), ecam OHa SBISETCS E-NPUOINKEHHBIM PEIEHUEM CHCTEMBI
(1) w peanusyer MakcumMyM B (2) ¢ £-TOYHOCTHIO:

(a;, 23y <bj+e Yi=1,m u (c,z}) >d" —e.

TEOPEMA 2% (0 mepe necosmecmuocmu). Ecam o3JIT1 (2) unveer -
npubamxennoe perenue 1 €9 = 1/(2n? A3(A)), To sTa 3anaua umeer
TOYHOE perenue z*.

JJOKA3ATEIBCTBO cM. B [3, ¢. 21].
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§6. Meron saamncoungos

Hogunomuaivubiti as20pumm OKPY2AEHUA E1-NPUOAUICEHH 020 Pe-
wenud cucmembt aunelinbir wepasencms. Memod sasuncoudos eg-
npubavoicennozo pewsenud 03JII. Oyenka cAoHCHOCTIU MEMOOE IAAUNLCO-
udos. Hoaunomuasvnocme JII.

1. Nwmes e-npubanxkentoe perenne (1) ¢ € < g1, MoxHO (Ha OCHO-
BaHWH TeopeMbl 2, §5) GbITH YBEPEHHBEIM B CYNIECTBOBAHWH TOYHOTO De-
IIIEHUS CUCTEMEI JIMHENHEIX HepaBeHcTB. OKa3BIBATCS, MPOIEAYPa MOJTy-
yenng 2 U3 2°! IBISETCA HOJMHOMHAIBLHON. COOTBETCTBYIONHN a.420-
PUMM OKPYeAeHUA €1-TIPUOIMIKEHHOTO peltieHust cucTeMbl (1) 1o TogHOTO
61 ykazad JI. . XauWsgHOM ¥ COCTOUT B CAENYIOIEM.

lpucsoum z! := 21 u moncrasum z' B (1). PazobbeM MHOXeCTBO
M ={1,...,m} MHAEKCOB HEPABEHCTB B CUCTEMe Ha JIBA IOAMHOXECTBA

M(xl) = {l : |<a‘i7x1> - bl| < 51}7
MA\M(@Y)={i: (a;,z')—b; < —e1}.

Haiinem pemenue 2'' cucremel paBeHCTB Aprpiyz = bpr(pr) (cy-
mecTByer 1o Teopeme 2). Ilycth z'! He sBiseTcs TOYHBIM pelleHH-
em (1), T.e. B &'’ He BHINONHWJIOCH i-€ HEPABEHCTBO JIA KaKOTO-JIUGO
i ¢ M(z'). Torna BBeleM MHOXECTBO MHIEKCOB HEBBITOJHEHHBIX HEpa-
sercrs M+ = {i| (a;, ') > b;} C M\ M(z') u paccmorpum Ha oTpeske
[z!, 2"l] 6mmxaiinyto k 1 Touky, B KOTOpO# ellie BHLITIOJMHEHb! BCe Hepa-
BeHcTBa A0 ¢ € M T (B o' onm BbINOJHEHBI ¢ £1-3amacoM). A MMEHHO

OIIpeaeJ MM

T = min bi — {ai, ') i1 = arg min bi — {ai, ')
iem+ {(a;, ') — (a;, z')’ ieM+ {a;, 2'1) — (a;, x1)

u npucsoum z2 := (1 — 7)z! + 72’'t. Umeem M(2?) D M(z')U {41}, ubo
HepaBeHcTBa ¢ uHaekcamu u3 M(z') £1-TpUBIMKEHHO BEHITOJHAIUCD

KaK paBeHCTBa Ha BceM oTpeske [z!,z'!], a HepaBeHCTBO ¢ WHIAEKCOM

i1 € MT, He BRIIIOIHEHHOE B TOUKe 2’ , BRIONHIETCI B £2 KaK PABEHCTBO
no nocrpoenuto. Takum obpaszom, M(z?) D M(z'), vo |M(z)| < m,
IIO3TOMY, TIOBTOPSAA YKa3aHHYIO IPOIELypy ¢ 3aMeHoll z' Ha z? u T.1.,
npuneM He 6ogee 4eM depe3 max(m, m) IMaroB K TOMY, 9TO pelienue &’
COOTBETCTBYIONIEH CUCTEMBI paBeHCTB okaxeTcs x” — pemenuem (1).
C y4eToM TIOJMHOMMAJBHOCTH 3a1ady PEIIEHUs] CHCTEM ypaBHEHWH

Hpe,[[JIO)KeHHI)H;I AJTOPUTM OKPYTJEHUA TMOJUHOMUAJICH.
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AHaAJOTMYHLINA aJITOPATM MMEETCS U JIJIS OKPYTJIEHUS £9-TTPUOIHKEH-
noro pemenus o3JII1 7 no Tounoro z* (cm. [3, c. 21]). lloaromy s mo-
CTPOEHHs TTOJUHOMMAJBHOTO anaropuTMa permenus o3JIIl ocramoch yka-
3aTh MOJMHOMHUAJILHEIA aJTOPATM TIONCKA E£9-TIPUOJUKEHHOTO PENIEHNS
03]l B mrape ||z|| < n'/2A mau ynocroBepenus, 9TO TAKOTO peleHMs
HeT (o Teopemam 1,2* u3 §5). TpeOyeMblil anropuT™, OCHOBaHHEIN Ha
memode sa4uncordos, KoTopbid npepnoxuan B 1976—77 rr. 1. b. IOnwn
u A. C. Hemuporckuit u (Hezasucumo) H. 3. Illop, mpuBonuTcs B clemry-
IOIAX MyHKTax.

3neck u namee A = A(D), rae maTpuna D sanaercs Tabaunei (3).

2. llycts F — mpowmsBosbHBIR diiumnconn B R™ ¢ meraTpom £ U He-
HyJaeBoro obbema vol E. PaccmoTpum (n— 1)-MepHYIO MIOCKOCTE, 3a/1aH-
HYTO BEKTOPOM ¢ HOPMAJW W MPOXOMAIIYI0 depes MenTp & suaunconna F.
O6osraunm uepes E~(g) onuH U3 IBYX MOJYSJJIHICOUIOB, Ha KOTOPHIE
pasbuBaer E manuas miockocTh, B (g) = EN{x| {(g,z — &) < 0}.

YTBEPXKIEHUE 1. lloxysamuncoun F~(g) sanunconna E MoxHO Tie-
JIMKOM 3aKJIOYMTL B HOBBIA >Jumancomn F', wMeommni o6beM, cTporo
MeHbIIHH F,

volBT  ~1/(en+2) (%)
volE
u E’ moxHo Bbiuncauth no £~ (g) 3a O(n?) apudmerndeckux oneparuii.

HOKABATEABCTBO. [IlycTh £ — eIMHWYHEIH 11ap € MIEHTPOM B TOUKE
0: E={zeR": ||z|]| < 1},a E=(g9) = ENn{z, > 0}. llomecTum nenTp
E' B Touky £ = (0,...,0, an), TOT /1A

1
n+1

E'={a| (@ + ...+ 27_1)/8° + (zn )!/a? <13,
rrea=1-1/(n+1)<e /D g2 Z141/(n?-1) < el/(n*=1),
OTHoMenrre 06HeMOB PABHO TPOM3BEICHHIO ToTyoceit a1 < e~ 1/(2n+2),
oTcofa moaydaeM (*), m6o JMOG0H HIIUIICONT MOXKHO MIPEBPATHTH B TP
a(UHHBIM TTPeOOpPaA30BAHMEM KOOPAMHAT, COXPAHsIONMM obbem. [leii-
CTBUTEJBHO, 6y/IEM TIPENCTABIATE IIPON3BOJBHBIN JIUICONT F ¢ oMo-
MIBIO €ro MeHTpa & u MaTpuIsl () (1 X n), 3aHal0MIell yKa3aHHOe Tpeobpa-
somanne: B = {z] © = £ +Qy, |l < 1}. Obosmasmse 1 = Q7 g/||Q7 ]|
rjle BEpXHWA MHIEKC - — 3HaK TpaHcmoruposanus. Torma & u @', npen-
CTABJAIONIAE ITATCOMT F' MUHMMaIBLHOTO 00beMa, OMMCAHHBIA BOKPYT
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noayssmuniconga £~ (g), mepecunTrBaioTCs MO GHopMyTaM

;L 1 ;L n n—1
£ _E_n——i—lQn’ Q —\/ﬁ{Q-l-( n——i—l_l)Qm?T}

3a O(n?) apudmeTuuecKux oneparmii.

3. Memod saauncoudos mnoayuenud E-nPpubiudicennozo peutenud
oaJlll. Tonoxum € := gy = 1/(2n2A3). BpemeM MHOXecTBO &-
npubamxeHHLIX pemtennit o3JI1l B mape panmyca K = n'?A ¢ LEHTPOM
B0: X! ={z|{a;,z) <b;j+e Vi=1,m, (c,z)>d* —¢, |z| <R}
Bribepem ykazaHHBIR BHIIIE TMIap B KaYeCTBe HAYAJBHOW WTEPAIWY LIS
saaunconna F D X, PaccMOTpuM IPOU3BOJIBHYIO UTEPAIUIO.

[IpoBepsiem, siBasieTcst iw eHTD € dJaauticonna F e-npubImxeHHBIM
pertervem. Eciu na, To aaropuTm 3akaHIMBaeT CBOO paboTy, B IPOTHUB-
HOM CJIydae CTPOWM 3Juauiiconn E’ nis odepemHoll nTepanun Kak MAHH-
MAaJIbHBIH [0 00BEMY SJUIHICOW, COAepXKAlluil noaysmimnconn E~ (g)
(eM. 1.2), Tle BEKTOp ¢ OMpenesieTcs clIenyonmM obpasoM. Tak kak
£ ¢ X:, To mubo

19 3 : (@i, &) > b; + ¢, u Torna g := a;, mubo

29) (¢, &) < d* —em g := —c.

Y6enumces, uto npu sroM X C E'. HeiicTBureabho, aus BapuanTa 1°

Ve e XF {ag,2) <b;+e<{(a;,8), 1e. X CEN{x| (a;,z—-¢) <0} =

E~(a;) C E'; u anasoruyno nosydum ais apuanta 2°
XCcENn{z|{c,e—€) >0} =FE (—c) CE".

Tenepsb ¢ £ := E’ BosBpamaeMcs K Hadasy nrepanmy (Ha HOBBIH I1ar).

Ouenum umcio Wrepanuii MeTona smannconnon. [lokaxem, aro X7
cofepxuT map paanyca r/2, rae r = ¢/ (hn*/?) < R, h> laij|, lej] (R
svicoma 3adawu). llycTs 2 — TouHoe pemienwe B X¥. U3 ||z* — || < r
crenyer |{a;, x) — {a;, 2*)| < |ai|| ||2* — 2| < hn'/?r = ¢ Vie M
u |{c,x) — {c,z™)| < ||| ||z — =] < hn'/?r, T.e. ykasaHHBIR BBIGOD T
rapaHTHPYET, YTO BCE TaKWe T OYNYT £-MPHOJHMKEHHBIMA DEIIEHUSMH.
Mockoabky ||2*|| < R, To MHOXECTBO TeX W3 PaccMaTPUBAEMBIX &, JUJIS
koTopwixX ||2]|] < R (7.e. mepecevenne mapop paauyca r W R, BKIOYa-
ollee MEHTP MEPBOTO), CONEPKUT Iap panuyca r/2. DToT map u npu-
HaagexuT XJ. Takum obpaszom, obbem X[ Gosblie obbeMa n-MePHOTO
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mapa pagmyca r/2. 3HauuT, OObEM SIIUICOUIA, TOCTPOCHHOTO TOCHE-
HuM, HanpuMmep E* nns k-it wrepamuu, He NOJKEH OKa3aThCs MEHBIIE
obbema sTOrO Mapa. OTcona v u3 yTBepXiaeHus | mogydaem mis k co-
OTHOIIICHUE

( r )" vol X[ vol B¥ < e_k/(2”+2),

2R/ = volE! = volE!

u3 KoToporo k (mo onpenenenuio r, R, e, h u A) He mpeBocXoquT
2n?In(Rnh/e) < 2n? In(2n3°A5) < 10n? In(nA).

YIIPAXZKHEHHUE 6. OueuuTs 110 mopsaaky GMTOBYIO OJUHY
L Bxoma o3JIII: mokasars, uto L > O(In(nA)).

CunenoBaTesbHo, UncIo uTepanuilt MeTona samuncouaos k < O(n?)L,
u ¢ yuerom O(n? +nm) apudMeTHUECKUX ONEPAIUil 1718 KaX 0 uTepa-
nun oy uum orerky O(n®(n+m)L) nag uncaa apudMeTHIECKHX onepa-
IIAH, TOCTATOYHOTO METOMY JIUTICOUIOB TIPY MOUCKE £9-TTPUOIUKEHHOTO
pemrerust 03JIT1. AnTopuTM OKPYTIEHUs £9-TPUOIUKEHHOTO PEICHUS O
TOYHOTO 5TOH OTleHKH! He TopTHUT (cM.[3, ¢. 21]). MoXHO TakXe MoKa3aTh,
YTO HPU PEAJUIANUU METOIA HILTATICOMIOB W aJTOPUTMa OKPYTJIEHUS BCE
apudMeTHIeCKHe OMEPaIldi TOCTATOYHO MPOBOAUTH C YUCIAMU BOWY-
HOW mJmHEl, orparuderHod O(L). Ilpu sToM ommbKu, BOSHUKAIOIIHE 33
CUYeT KOHEUHOCTH YHCJIa Paspsaos (OIMMUOKH OKPYTJIEHNH ), HOTJIOMA0TCI
[y TeM HEKOTOPOTO MONOJHUTEIBHOTO yBeauuerns (“pasnyTus’ ) onucaH-
Horo sumnconna B’ Ha Kaxioi urepanuu [3, c. 24], 4To He BauseT Ha
MOPSIIIOK ONEHKH [MJist OOIIero yucia urepalui. B pesyibTare BpeMeHHAS
CJIOXHOCTH TaKoH Mporeayphl penienns o3JI11 okaseiBaeTcs MOJIHMHOMOM
OT IJIWHBI BXOMa U CIIPABEIJINBA

TreoPEMA 3. 3amaua JIII ¢ negpivu KoshdumeETaMy pa3penmma 3a
MOJHHOMHAJBHOE OT IJIUHBEI BXOMA BPEMS.

CremcTBrEM TaHHOW TEOPEMBI ABJISETCS

Yr1BEPXKIEHUE 2. JIH € P.

ITongepkreM, 9TO HECMOTPS Ha MOKA3aHHYIO MOJUHOMHAJIBHOCTD, Me-
TOI 3JUIMIICOUIOB HE MOXET KOHKYPUPOBATH C CUMILIEKC-METOIOM IpH
mpakTHdeckoM pererun 3amgad JIII (peaidbHO OH TPUMEHSETCS B BBI-
[YKJIOM KBaJIpPaTHIHOM IPOTDAMMUPOBAHWH), TOCKOJBKY MOJydeHHAS
OIleHKa YMCJa ero WTepaluil JOCTUraeTcs Ha JIOObIX MHIWBUALYAJbHBIX
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3aMavax, JaXe ecJu B KA9eCTBe HAYAJIHHOTO MPUOINKEHUS B3I ThH pEIIle-
Hye. Torga Kak cMMILIEKC-METOR IS “Xopontux” (HEBBIPOXKIEHHBIX) 3a-
nau faet onerky O(n®), Ha MOPSIIOK MEHBITYIO, UeM METO SJLIHTICOUTIOB,
¥ 33 OHY WTEPAIHUIO MOXET TMOATBEPAUTD, YTO HAUATHLHOE TPUOIVIKEHNE
siBJIsteTCsE pereHueM. Tem He Menee caMm (akT moswHOMHUadbHOCTH JITT
MHUIAAPOBAJ TTOMCK HOBBIX MeTomoB JIII, uTo mpuBeso K cO3MaHuIo Teso-
ro kiacca >pPeK TUBHBIX METOIOB MaTEMATUIECKOTO TPOT PAMMHUPOBAHUS
— memodbl enympenues MoKy — U TO3BOJUIO MOCTPOUTH KOHKYPEH-
TOCTOCObHBIE ToauHOMUAIbHEEE aqropuTMer JIII. Waes mx mocTpoenus
OyIeT M3JOXKEHA B CJAEHVIONEM Taparpade, TIe TaKXKe TPUBOASITCS He-
obxonumble cBenenus no Teopuu JIII, mauwmas ¢ JIH.

§7. Teopus neoucreernoctu JIII. Uaea meroma Kapmapkapa

Caedemeun cucmem JIH. Adunnag aemma Pdpxowa /6es doxa-
gameabcmea/. Jemma Paprawa o nepaspewumocmu. Teopema d6oi-
cmeenwnocmu JIII. Ceedenue 03JIIl x odnopodnoii cucmeme ypasnenut
¢ ozpanuvenuem nosodxcumesvnocmu. Hdes memoda Kapmaprapa v ezo
OMAUNYLE O CUMNAEKC-MEMOIE.

1. Cuctema JIH (1) nasbiBaeTcs paspewsmot, ecam Jx: Ax < b, u
nepagpewumot — B nporusHoM caydae. O3l (2) paspemmmma, kKorjga
paspenmima cucrtema (1) 1 Makcumy™m B (2) gocTHraeTes.

OUPENEJIEHUE 3. JIuneliHoe HEpaBEHCTBO

{¢,z) <d (4)

SBISETCS CaedCmauem PaspeliuMON CHCTEMBI JIHHEHHBIX HepaBeHCTB (1),
ecan st roboro #, yaosieTsopsoriero (1), Beimoareno (4).

Criocob mosyuenust HEPaBEHCTB-CIENCTBUN TOBOJBHO IMTPOCT: BEIOEPEM
npousBodbHBIE A; > 0 Vi € M, noMHOXUM Ha A; KaXI0€ i-€ HEPABEHCTBO
cucTeMsbl (1) M CJIOXAM; TOJYIHUM IS BEKTOPA

c= E A;a; wm gioboro umcaa d > E Aib;,
ieEM ieM

gro (4) 6yner caencreueM (1). OkaswiBaeTcst, Apyrux caenctsuit y JIH
He OBIBAET. A MMEHHO CIpaBelJIuBa,
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JEMMA Pdprawe (adunneq). Jluneitnoe HepaBeHcTBO (4) ABIsSETCS
CJIENICTBIEM Pa3pEINMON B BEIIECTBEHHBIX NepeMeHHBIX cucTembl JIH (1)
TOra ¥ TOJILKO TOTAA, KOTJa CylllecTByeT BeKTop A € R™:

c=3 Xa;, d> Nbj, \>0 Vie M. (5)
ieEM 1eEM

(Cxemy mokasaTesbcTBa cM. B [3, ¢. 18].)

Hns mepaspermumoit cuctembl JIH (1) MoxHO QoOpMajbHO CUATATH
caencreuem (1) 3aBenomo mepephoe nepasencrio (0,z) < —1 u nagee
MOJTB30BAaThCS aduuHON Jemmon Papkariia, Kak TOKa3HBAET

JIEMMA Papraiia o #epagpewumocmu. Cuctema JIH (1) Hepaspe-
IIIUMa TOT/[a U TOJBKO TOTa, KOT'a Pa3peITnMa CUCTEMA

> Aiai=0, Y b < -1, A >0 Vie M. (6)
ieEM 1eEM

JOKA3ATENBCTBO. Ilycte (1) Hepaspemuma, Toria W3 pasperiu-
MOCTH cucTeMbl {(a;, £) + &nt1 < b; Vi € M momxHO ciefoBaTh, 4TO
Epy1 < —€ < 0, T.e. CTACACTBHEM STOH CHCTEMBI SIBJSETCS HEPABEHCTBO
((0,...,0,1/e), (x, 2n41)) < —1 w u3 adunnoit semmer Papkaria mouIy-
vaeM (6) (a Takxke B gonogaHeHue Y A; = 1/¢). Ecau xe (6) paspermmma,
To ykazanHoe Bbille HepaBeHcTBO (0, z) < —1 okasbiBaeTCs ciaencTBUEM
(1) ¥ mOKHO BHIOJMHIATHCS LIS BCEX &, yaoBJaeTBopsomux (1), sHaunT,
TaKuX He CYIIECTBYET.

Temepr MBI MOXEM MTOKa3aTh OCHOBHOM TEOPETUUECKHU PE3YIBTAT
JIII — TeopeMy IBOHCTBEHHOCTH, Ha KOTOPOW 6a3WpPYyIOTCA KaK MeTONBI
perienus 3anad JIII, Tak m cmocobbl aHadnW3a pelieHus, U KoTopas dhak-
TUYECKH JaeT HEOOXOMMMEIE M MOCTATOYHLIE YCJIOBUS ONTUMAIBEHOCTH B
JIII. Haavume nBOWCTBEHHOCTH, OOYCJIOBUB XOPOIIYIO XapaKTepU3aluio
sanaun JIH, npemnonpeneansio nosuHOMAAILHOCTE JIII.

ONUPENEIEHUE 4. /lsoticmeennoi k 3amade JIII #Ha Mmakcumym ¢ orpa-
HWYeHUAME HepaBeHcTBaMu B dhopme o3JI1I (2) HasweiBaeTCs cemyomias
3anava JIII Ha MAHUMYM ¢ OTPaHMIEHUSIMHU B KAaHOHWIECKON (popme:

min {Z Aib;| Z Aig;=c¢, i >0Vi€e M}, uaum B KpaTKOil 3amucu
ieM ieM
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min (A, b). (7)
AA=c, A>T
s Toro, 9TOBLI TOCTPONTE ABOACTBERHYTO K TTPOU3BOILHON 3anade JITI,
Ha/o MpeacTaBuTh ee B Gopme o3JIIl, mpumennTs dhopmyay (7), a saTem
BEPHYTHLCA K 0003HAYEHUSAM MCXOAHOU 3a/avu.

YIIPAKHEHUE 7. I[TokazaTh, 9TO ABOMCTBEHHAs 3aada
x mBoucrBenHou 3agade JITI copmamaer ¢ mpamou 3agaugen JIII:
mpeacTaBuTh (7) B dopme 03JI11 (aHAIOrMIHO yIPaXKHEHNIO 5), BEIIHCATH
IBOUCTBEHHYO K MOJYUeHHOH 3a1ade U cBecTH ee K (2).

TEOPEMA 4 (dsoicmsennocmu JIIT). 3anaua JIII paspemnuma Torna
W TOJBKO TOTJIa, KOTJa pa3pellmMa ABONCTBEHHas K Helt. B caydae pas-
PENIMMOCTH ONITAMAJbLHLIE 3HAYEHHS NeJEBEIX (PYHKINA B 0OEHX 3amadax
coBnajgaior, T.e. d* = d**, rue d* — sHauenwe (2), d** — snauenue (7).

HOKA3ATEIILCTBO mpoBeneM HJs caydas o3I, mockoarky modas
sagada JIII agekBaTHO mpeacTaBIsgeTCS B TaKou (hopMe.

Mycre samaga (2) paspemuma, Toraa (4) ssasercs caencTuem (1)
Vd > d* u me spasercs Vd < d*, uro no adunHON Jemme Papkaria
SKBMBaJEHTHO paspermumocty (5) npu d > d* u mepaspenmmmoctu (5)
mpu d < d*, T.e. d* = min{d| (5)}, a 370 u ecTr 3HAUCHWE (7).

W maobopor, u3 paspernumocTu (7) clemyeT HepaspermumocTs (6),
ubo B mpoTHBHOM caydae min B (7) obpamancs 661 B —oo (Tak Kak
npubapieHue pemenns (6) x pemenuio (7) maeT AOMYCTHMYIO TOYKY W
YMeHBITaeT 3HadeHue reneBoil yrkiun (7)). OTciona momydaeM pas-
pemumocTh (1) mo smemme Papkaiia o HepaspemumocTh. Kpome Toro,
paspenmuMocTh (7) o3HavaeT paspemumMocTs (5) mias aoboro d > d**,
Tak uTo (4) okaswBaercs ciencTeueM (1) mas d > d**, u nostomy d**
OrpaHWUYMBAET CBePXY 3HaueHue (2), T.e. MaKCUMyM B (2) mocTHraeTcs.
Takum 06pa3oM TOJIY IHIH PAa3pPETUMOCTh 3a1a4u (2) 1 MOXEM BEPHY Th-
¢ K HadaJy M0Ka3aTelbCTBa AJI YCTAHOBJEHHs paBeHcTBa d* = d**.

W3 Teopembl 4 HEMOCPENCTBEHHO MOJY9aEM

YTBEPKIEHUE 3. 3amaua JIII onTuMuszanny 5KBUBaJEHTHaA pelire-
HUIO CHCTEMBI JIMHEAHLIX HEPABEHCTB.

Heticreurensro, o3JI1T (2) skpupasnenTra 3anade JIII (7) u obe onm
skBUBaJeHTHBI cucTeMe JIH oTHOCHTENBHO HeM3BeCTHRIX (%, A):

Az < b, {c,z) = (b,\), AMA =¢, A > 0. (8)
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YTBEPKIEHUE 4. 3agaua JIII onTuMuszanny 5KBUBaJEHTHaA pellre-
HHUIO CUCTEMBI JUHEWHBIX yPABHEHUN B HEOTPHUIATENbHBIX TTIEPEMEHHBIX.

JOKA3ATEINBLCTBO. Ot cucremsl JIH (8) mepexonum K orpaHuveHn-
SM B KQHOHWYECKOW GopMe aHAJOTHIHO YIIPAXKHEHUIM 0,7 .

YTBEPXKIEHUE 5. 3amaua JIII skBuBaseHTHA TOUCKY HEOTPHUIIATE b=
HOTO HEHYJIEBOTO PEIIEHUs] OTHOPOIHON CHCTEMBI JIMHENHBIX YPaBHEHWH.

HOKA3ATEILCTBO. Ha ocroBanum yTBepx)aenus 4 o3JI1l commTes
K HekoTopoit cucreme JIH (¢ menbiMu koadduIMeHTaMm) OTHOCHTENBHO
BEKTOpa BENIECTBEHHBIX HEU3BECTHHIX Y:

Py=gq, y>0, 9)
nycts P — maTpuna (K x (N —1)). Beenem napameTp R, Maxopu-
pyIOIHi KOOPANHATHL KaKoro-To peterust (9) (o TeopeMe o TpaHuiax
pertennti), ecau cuctema (9) paspemuma. [lobasum x (9) mepaBercTBO

(ye) =y +...+yn-1 < NR,

KOTOPOE IPEBPATUM B PABEHCTBO C MOMOIIBIO TOMOJHATEIBHON NepeMeH-
HOH yn: (g,e) =1+ ...+ yn-1 + ynv = NR, a (9) mepenmmeTcs Kax
[p|()]g) = ¢, 9 > 0. Tenepnb cienaeM 3aMeHy HepeMeHHEIX I 1= Q/R u
obosmaunm P = N R[P|0] — [4]g] ... |q]. Hpmaem K oamopommoil cucTeMe
Pz = 0 ¢ nonomuuTenbHbiMU orpanudenusmu r = (z1,...,zy5) > 0,
(z,e) = N, uro coorsercTByeT cucreme Pz =0, = >0, (z,e) >0 c
pemennaMu-1ydamu 120 Vi > 0, moboe W3 KOTOPHIX HepecUHTHBACTCS
B peIleHre WCXOMHOA CHCTEMBL.

2. Memod Kapmepwaps (N. Karmarkar, 1984 1.). Bocnosbsyemcs
YTBepXKAEHUEM D ¥ 00O3HAUYEHWSIMHU, BBEIEHHBIMU TIPU €TI0 MOKA3ATENb-
cree. lycrs p(z) = ({p1,2))? + ... + ({px,z))?, roe p; — crpoku P.

Torga p(z) = 0 skpuBaienTHO P = 0. Beenem dynxyuro Kapmaprapa

ooy = @I

271172-...-3?]\7.

TpuMeHss TeopeMy 2 ¥ aJTOPHTM OKPYTJeHHs K 3anade pererus (9),
MOXHO TIOKa3aTh, 9TO JIJIs TOYHOTO €€ PEIEHUs JOCTATOYHO HaliTh TaKo#
& > 0, mrs koroporo k(#) < 1/[3(A(P)N] [3, c. 25-26].
[MonmvHOMUANBHBIE AJTOPUTM TOMCKA HYXHOTO MPUOJIMKEHHOTO &
npuBopuTes B [3, ¢. 26-28], u Mbl He OyzneM ero onucbiBarTh. OTMETHM
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TOJBKO, YTO aHAJOTMYHEIH aJropuTM MOXET OBITEH MOCTPOEH Ha OCHOBA-
HWH npuMeHeHUs: MeTona HeioToHa (cM. B pa3a.3) K 3alade MHHHUMHA3a-
nvu ¢yukiun KapMmapkapa uim eif mogobHEIX. B pe3yabTaTe moaydaem
TeJBIA KIacCe TOJIMHOMMANBHBIX adropuTmoB JII, koTophie Ha mpakTH-
K€ OKa3bIBAaIOTCS CPABHUMBIMU C CHMILJIEKC-METOAOM, HE MMes TEOpeTH-
JeCKUX HemoCTATKOB Tocientero. [Ipemniokennbie ajJropuTMEI CTPOSTCS
Ha TPUHIMIKAJIBLHO HOBOM Hice: He MUCKPETHOM, a HENPEPHIBHON TpaK-
ToBkH® 3amaum JIII, xorma BMecTo mepebopa KOHEYHOTO UWCIA YTJIOBHIX
TOYEK OCYIIECTBJAIOT TTOMCK PEIIEHUS B MCXOIHOM IIPOCTPAaHCTBE Bellle-
CTBEHHBIX TEPEMEHHBIX, ¥ TPACKTOPWM AJTOPUTMOB HE ITPOXOASAT Uepe3
yryoBble Toukd. HamoMHAWM, 9T0 MeTOI 3JTUNCONIOB TaKXKe He OPUEHTH-
pyeTcs Ha YTJOBBIE TOYKW MHOTOTPAHHWKA OTPaHWUYeHWH. XapaKTepHO,
4TO UMEHHO TaKOW yXOI OT AWCKPETHOT'O MPOrPaMMUPOBAHUS MTO3BOJMUI
TMTOCTPOUTD MONUHOMUAIBLHBIE aaropuTMEL JIII. [TlosTomy naJee OymeT man
HEKOTOPBIN 0030p OCHOBHBIX IOIXONOB K PEIICHUIO HENMPEPHIBHBIX 3a1a4
ONTUMHU3AIKHA.

3AMEYAHUE. Fciu 6b1 peus Iia 0 HEMOCPEICTBEHHOM MOUCKE TOTHO-
ro permerus 3amaqn JIII ykazamHBIME MeTOTaMu, TO HEJb3s OBIIO OB T'a-
PaHTHPOBATEH KOHEUHOIIATOBOCTE (He TO, UTO MOJHHOMHAIBLHOCTE) COOT-
BETCTBYIOIUX AJTOPUTMOB. Iy UX TpUMeHEHWS CYTIIECTBEHHOR SBJISET-
€51 BO3BMOXHOCTH OCTAHOBKM B IPUOJIMKEHHOM pellicHuK OJiarogaps HaJu-
9HT0 TOJWHOMHAJIBLHOTO aJTrOpUTMa OKpyTJaenus. Ho MOCKOJLKY AJs ero
paboThsl TpebyeTcs HavaJbHOE NMPUOJIUKCHUAE U3 ONPEAEJEHHON OKpecT-
HOCTH PEIIEHUs, 3aBUCSIIER OT MJIWHBI | WM BBICOTH h, WIW IJIWHBL
Bxona L xomkpeTHou 3anaqu JIII, To u umcio uTepanuit aJropuTMoB, Ha-
3UPYIOIINXCS Ha PaccMaTPUBAaEMOM NMPUHITUIIE, 3aBUCUT OT UucJa 1nudp B
3alMCH 3JEMEHTOB MATPHIIE oTpanudeHuil. Tak 4To He ymaeTcs MCTIOIb-
30BaTh AAHHYIO WO AJsl MOCTPOECHUS CUJIbHONOJMHOMHUAJBHEIX aJro-
puT™moB JIII, Kpome Kak B YaCTHBLIX CIYYadX OTPAHUUEHHOCTH HJIEMEHTOB
MaTpHIEl (HaIpuMep, B 3aladax Ha rpadax u ceTsx, rie a; = 0, +1).
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3. QJIEMEHTBI MATEMATHAYECKOT'O
IIPOTPAMMMWUPOBAHUS (MII)

Jumepamypa:

4. Kapmanos B. I'. MaTemaTtuueckoe mporpammvupoBanue. M.: Hayka,
1986.

5. Cyxape A. I'., Tumoxor A. B., ®emopos B. B. Kypc meromnos
ontumm3arnuu. M.: Hayka, 1985.

6. Muny M. MaTemaTudeckoe mporpammupoBanue. M.: Hayka, 1990.

§8. O630p umen MII

Kaaccudpurayua zadaw MII. Ipeumywecmss 6uinyks020 CAYUGA.
Hlowamue o epaduenmuviz v Hbiomonosckus mMemoder MUHUMUSAYUY.
Yeaosnad onmumusayud, cnocobbt ocgobodcdenud om ozpanuvenui
(memodni 6apvepos u wmpados).

1. 3anmaua JIII, kak w 3agava Mmunumusanuu ¢ysknuy Kapmapkapa,
SBJISETCS YACTHBIM cIydaeM 3amauu MP:

min f(z). (1)

reX

3neck Tpebyercs HaiTy arg min f(z) € Argmin f(z), T.e.
zeX zeX

o € X" = (2" € X| [(+*) < f(x) Vo€ X}, u "= [(="). (2

Jlioboit Takol #” HaswBaeTcs pewenuenm (1); f* — snavenuve (1), nam
onmumatbnoe 3nauenue Tedesoil dyakimu [ B 3agade (1), X — mno-
JHCECTNGO 02PaANU%ENUT VI FONYCTUMOE MHONCECTLEO.

B saBmcuMocTH OT mpMpombl MHOXeCTBa X 3a1a49¥ ONTHMHU3AIAH
KJIacCHUIMPYIOTCsT KakK: TUCKpeTHBe (KOMOWHATOPHBIE) — X KOHEU-
HO HJIM CYeTHO, LeJOYHCIeHHEe — %; € Z, OyaeBnl — &; € B, Be-
mecTBennble (HenpepbiBHble) — X C R™, GecKoHeYHOMepHBIE WK B
(yHKITMOHAJBLHOM TIPOCTPAHCTRE, HallpUMeEp, KOraa X — MOIMHOXECTBO
ruasbepToBa npocTpancTia Lo, n T.11. B nannom pasnene 6yzem mmo mpe-
MMYIIECTBY PacCMaTpPHMBaTh 3aladd C BEIIECTBEHHLIMHA TEPEMEHHBLIMH,
KOTOpBIE COOCTBEHHO W HAa3bIBAaIOTCS (TPAAUINOHHO) 3adauamy Mame-
mamuneckozo npozpammuposenus (3MII). Ecim X C R™, To roBopum o
3amade yea06not onTuMusanun (npu ycaopuu & € X ), wraue (X = R?)
NoJIydaeM 3a1ady 6e3ycao6not ONTHMA3AINN.
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Has 3MIT munrumysm B (1) mocTHraeTcest B yCJIOBHSAX TeopeMbl Bei-
epmrpacca (f HenpepbiBHA, X KOMIIAKTHO WJH st HEKOTOPOTO & € X
orpanuueHo muoxcecmso Jebeea dynkumu [ — {& € X|f(x) < f(8)}).

Kpowme paszmesnenust Ha ycaoBube u OesycaoBabie, 3MII kaaccudurm-
PYIOTCS IO CBOMCTBAaM IEJEBON (DYHKITUU U MHOXECTBA OTDAHUYEHUR CO-
oTBeTCTBeHHO Ha 3ama4u JIII, BRIMYKJIOro mIporpaMMUpOBaHUS, T IKWE
wan HerJajgkwe u ap. Huas kaxmoro u3 xaaccoB 3MII paspabarweiBaior-
Csl CBOM UWCJEHHBIE METONBI WX pernenus. C TOYKM 3PEHUS YUCIEHHBIX
METOIOB CYIIECTBEHHO TaK¥XKe PA3eJeHNE HA 40KGALHYIO U 2400a4bHYI0
onTuMusalmo. B onpenenenun (2) peds uaeT o TIOOAIBHOM MHHUMYME,
KOTOPHIH, OMHAKO, HARTHU HE MPOCTO, M MOYTOMY 3a1ady CTapalTCs CBe-
CTH K MUCKPETHON ONTUMU3AIAY Ha MHOXKECTBE JIOKAJbHBIX MUHUMYMOB.

OnPEIENEHUE 1. Touka 2° € X HasLIBaeTcd TOUKOH 40KA4bHO20
vuamvyma B 3MIT (1), ecom Je > 0 f(2°) < f(z) Vz € X N O (z°).
3neck u nagnee O, (z) obozHAUAET £-OKPECTHOCTH TOUYKH &.

Huist moncka JOKaJbHOTO MUHUMYMa MPUMEHSIOTCS CIIENAAJIbLHBIE Me-
TOIMBI, KOTOPHIE TIPYU OMPENEJEHHBIX MPEMMTOJOKEHUSIX OKA3BIBAIOTCS (-
dexTuBHBIMEU. Torna Kak 00ITas 3amada raobaJbHON ONITUMUBAIINH SIBIIsI-
ercs NP-tpynnoii. HelicrButenbHo K Helt cBomuTcss NP-nosHast.

YTBEPXKIEHUE 1. ITJIHx3MIIL.

HOKA3ATENBCTBO. [Tockoabky 3amada JIH aBaseTcs 9acTHBIM CJIy-
vaem 3agaum JIII, To mas cBemenms IIJIH x 3MII mocrarouno mpen-
CTAaBUThH YCJOBHUE TEJOYUCIEHHOCTH TEPEMEHHBIX B BU/E OTPAHUYEHUN
(HepaBeHCTB) Ha BellleCTBEHHBIE TEPEMEHHBIE, UTO HETPYIHO CIEJNAaTh,
nanpumep, Tak: {z; € Z} sxsupanentno {z; € R|sin’(rz;) < 0}.

[TosTomMy MeTOmBI TI0OATBEHOW ONMTUMU3AINUN OYAYT PACCMOTPEHH B
pazn.4, a B narHOM maparpade ocTaHOBUMCS Ha MTOWCKE JOKAJIBLHOTO SKC-
TpemyMma. OTMETHUM, UTO IJIS Psila SKCTPEMAJbHBEIX MOCTAHOBOK 3a1ad
(DU3UKY TOYKH JOKAJBHOTO HKCTPEMYMa MMEIOT CaMOCTOSTENbHOE 3HAUE-
uume. Kpome Toro, cymectByeT neanri kKiace 3MII, mist koToporo mokaib-
HBIH 5KCTPEMYM COBIAMAET ¢ NJIOOAJBLHBIM MUHUMYMOM, 5TO — 3a1add
BBITIYKJIOTO PO PaMMUPOBAHUS.

ONUPENEINEHUE 2. ®dyukius f HasbiBaeTcs swinykaol wa X, ecau ee
nanrpaduk epigrafx f = {(z,y)| v > f(2), © € X} — Brimyksoe MHOXe-
cTBo. PYHKIHUS, BHIMYKJas Ha BCEW OOJACTHU ONpENEJeHUs, HA3BIBAETCS
BBRIMYKJOH. MHOXECTBO HAa3BIBAETCS BBITTYKJBIM, ECJIU BMECTE C JIOOBIMHA
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IBYMs CBOMMM TOYKAMH OHO COIEPKHUT OTPE3OK, MX COETUHSIONIMIA.

YTBEPXKIEHUE 2. Jliobasg TouKa JIOKAJLHOTO MUHUMYMA BEITTYKJION
(DYHKITMA ABJIAETCS TOYKOU €€ TJI06aJIbHOTO MAHUMYMA.

HNOKA3ATENLCTBO. lycrs f(2°) > f(z*). Torna f(z°) > f(z) nas
Beex Touek x mosyunTepsada (¢, z*] (no onpenenenuio 2), a 3HaUMT, U
B HEKOTOPO#H okpecTHOCTH ¥ — IPOTHWBOpEdre ¢ onpefeleHreM 1.

s permenms 3a1a4 BEIYKJIOTO TPOTPAMMHUPOBAHKS IIPUMEHAM Me-
TOJ SJLTATICOMIOB, TPUYEM B TJIAJKOM CJydae OTCEYEeHWE MOJY3JLIAIICO-
Waa TMPOBOIWTCA Ha OCHOBE I'PAJAMEHTa HEBLINOJHEHHOTO OTPAHWYEHHUS
B TNOJHOM aHaJoruu ¢ ajropuTMom m3 §6. IlosTomy 3amada mowmcka &-
NpUOJMKXEHHOTO PENIEHUs 3aa9y BHIMTYKJOTO TTPOrPaMMHAPOBAHUSA OKa-
3BIBAETCS TTOJAHOMHMAIBHO paspermumMon. s ocmpuiz 3a1ad BEITYKJIOTO
NpPOrpaMMHUPOBaHUs — KOT/Aa (DYHKIUA TeJW yOLIBAET B OKPECTHOCTH
MUHMMyMa He MeIJEHHEE HEKOTOPOM JMHENHOM (DyHKIIMA — MOXKHO TI0-
JYYUThH W TOYHOE PEIIEHHE.

2. O6muMA MeTOIaM¥ JIOKAJBHON ONTAMU3AIAA (I TPOU3BOIBHO-
0, He 0BA3aTeNBHO BEIIYKJOTO, CIIyUast) SBISIOTCS MeModbl 40KAAbHOZ0
cnYCcKa.

OnPENEIEHUE 3. Bektop h € R™ HaswpiBaeTcs Hanpassenuem yobi-
sanud yHkiwmn f B TouKe %, ecan f(z+ah) < f(x) mist Becex nocTaTouHO
MaJbx ¢ > 0.

YTBEPKIEHUE 3. [lycts f muddepenmupyema B Touke . Tornma,
ecan {gradf(z),h) < 0, To h — HanpapseHwne yobiBanus GyHKIUM [ B
TOYKE T, a ecIWm h — HanpaBJeHne yOpIBaHus (GYHKINU [ B TOYKE T, TO
{grad f(z), h) < 0.

HOKA3ATEILCTBO. U3 ycaous nuddepennnpyeMocTn f WMeeM s
mocTaTouHo Magbix @ > 0: f(x + ah) — f(z) = (gradf(z), ah) + o(a) =
af{{gradf(z), h) + o(a)/a}. OueBunto, nocrenrss nobaBKa He W3MEHUT
3HaKa BLIPAXEHMs B (PUTYPHBLIX CKOOKAX, €CJIM CKAJSPHOE TIPOU3BENCHHUE
CTPOro OTPHIATENLHO WJIK CTPOro mojoxuTrenabo. OTciona aBToMaTH-
YEeCKW BLITEKAaeT TpebyeMoe yTBEpPKICHHE.

Takum obpazoM, HaTpaBJeHUe JOKATLHOTO YOLIBaHUS AudOEpeHTIN-
pyeMmoit GYHKIIMU [OJIXKHO COCTABJSATH OCTPHIN YIOJ ¢ €€ aHTHUIPaJdueH-
TOM, KOTOPBIU SBJSETCS B CMBICIE JUHEWHOTO TPUOIMKEHUS HAMIY YIIUM
HampaBjeHueM yobBanus. s MHEMOHWKY MpWBeNeM >TUTpad K TiaBe,
TTOCBAIIEHHON TPAIMeHTHBIM MeTOnaM MWHUMW3AIud, W3 1-ro wamanusd
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kuuru P. [1. Bacuaresa Yucaenmubie mMemodvt peuenud IKCMPemaibrbit
agadaw: “BOT KTO-TO ¢ TOPOUKHM CIOYCTHICI — aHTUIpaiuenT!”

FEcau gradf(z) = 0, To & 6yner cmayuonaprot mouxos. OTMeTnM,
YTO B YCJOBHOM ONTUMU3AIMYA PABEHCTBO HYJIO IPAAUEHTA yXKE He SIBJIs-
eTcsl HeODXOMUMBIM YCJIOBHEM MWHMMyMa (COOTBETCTBYIOIIME YCIOBHS
6ynyT paccmorpersl B §9). Ho B 6osee mpocTom caydae X = R™ moxHo,
NBUTasICh HeOOJBINTUMY ITaTaM¥u B HAIPABJICHUM aHTHUTPaIueHTa QyHK-
mun [ B TeKyIed TOYKE, IPUUTH B CTAIMOHAPHYIO TOUKY, KaK MPaBUIIO,
JIOKAJBHOTO MUHAMYMa. Tak MBI HoJydaeM UACO 2paduenmuozo memoda
Ge3ycao6not MUHUMUZAYUY, 33TABAEMOTO HTEPATUBHON TTPOIIENY POA

2t =o' — aygradf(z'), t=1,2,..., V&' € R™

[TapamMeTp o; HA3LIBAETCA IMArOBBLIM MHOXHMTEIEM W MOXKET BLIOMPAThHCS,
WCXONS M3 Pa3jMYHBEIX COOOPaKEHWH, Pa3HBIMHU CIIOCOOAMM.

1) Haccusubie cnocobvt — {oy} BoIOUpaeTcs 3apaHee.
IMocTogHHBIN TIar — a3 = Qo AJsA AOCTATOYHO MAJBIX .
Yorwpaomuit mar (ecJi ¢ He W3BECTHO WJIM DU HAJUYUK MOMEX) —
ar |0, Sar=o00, > a?<oco, nanpumep oy = 1/1.

2) Adanmusnvie cnocobv — {ay} 3aBuCcHT oT peasusyiomeiics {z'}.
MeTon ckopeifimero cmycka — a; € Argmingso f(z! — a grad f(z?)).
MeTon apo6aenus mara (nenenus nonosnam) — ecau f(z!T1) > f(at), To
BO3BpAT K {-#i UTepalmu ¢ ¢y = /2. (Bo3MOXHO M yBeJUUeHHE IIara
[pU CTabUIbHOM yObIBaHUM f, T.e. IPUOIMIKEHHBIH CKOPERTINH CIIyCK.)
Ipasuao ApMuxo — myTeMm ApOOJEHMS ITara HOOWMBAEMCS IS (ip BHI-
nonuenus ycaosus f(zt — aygradf(z?)) — f(z!) < —eay||grad f(z?)]|?.

B obmem ciydae muddepennnpyemMoil, orpaHuaeHHON CHU3Y [ MOXK-
HO TIOJIy9MTh CXOAMMOCTEL TPaJAMEHTHOTO METONA K MHOXECTBY CTAITHO-
HapHEBEIX TOYEK, & MPH JOTOJHATEIBHBIX MPEITIOJOKEHUAX TOKA3LIBAETCS
(3a MCKITIOUEHUEM BapUaHTa ¢ YOBIBAIOIIMM IIIArOM) AUHEdHRas CKOPOCmb
cxodumocmu, KOTopas B BHITYKJBIX 3afadax osHadaeT ||ztt! — z*|| <
ql|z* — «*|| nas mekoroporo 0 < ¢ < 1. YkasaHHas JMHEHHAs OLEHKA
OOBACHAETCS TEM, 9YTO B IIPOIECCE MAHUMU3AIAN T PATHEHTHEIM METONOM
WCIIONB3YETCS JUHEHHAS AMPOKCUMAIINS TeJeBOM (PYHKIIMKA Ha KaXKIOM
mare. BoJiee BEICOKYIO CKOPOCTBL CXOIMMOCTH MOJY9YafoT MJs METOIOB,
OCHOBAHHBIX Ha KBaJIPaTHIHON AlIPOKCUMAIINH, B TIPENTIOIOXEHAN Ba-
bl arddepennmpyeMocTr f. THUIMYHEIM NPUMEPOM 37€CH SABJIAETCS
memod Hoviomona.
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llycrs f € C?(R™), paznoxum dyuknuio f B psin Teitiopa B okpecT-
HOCTH TeKyIlell TOUKH z':

f(w)—f(=") = (gradf(s"), r—xt)Jr%(f”(xi)(x—xt)y z—z')+o([|lz—z"||?).

Bribepem z't! m3 yeqoBHS MHHIMHE3AIWH KBAJpPaTHUHON ANIPOKCHMa-
mnm f(z) B Touke z!, T.e. KBagpaTHIHOK YacTu npuparmenus f(z)— f(z?),
nosyuuM MeTon HbloToHa:

et =gt — (f(z")) tgradf(zh), t=1,2,...,

rfle HauaJbHOe MPUOIMKeHHe 2 JOMKHO HAXOMUTECA JOCTATOUHO BJIM3-
KO K TOUKe onTHMyMa z*. B Takom ciydae (M NpH MOMOJHAUTEIBHBIX
NIPEAToNOXEeHUAX, 6ojlee CUIbHBIX, YeM JJis NMPUBEICHHON paHee OIEH-
KM CKOPOCTH CXOAMMOCTH I'PafMeHTHOTO MeTona) miis MeTona HeoToHa
6yAeT CIpaBelivuBa K8a4JPamMuunad cKOPOCMb CTOIUMOCTU

1
o4 — 27| < Qlla" =277, T [l2™ - 27| < Q(Qllrl—x*ll)?,

uro npeanonaraer ||zt — z*|| < 1/Q (onenky mas @ cm., nampumep,
B [5, ¢. 192]). Emie pa3s momdepkHeM, YTO IPATUEHTHBI METONL B OTJIH-
YHEe OT HBIOTOHOBCKOT'O CXONUTCS TPH JIOOOM HAYaJIbHOM TPUOJINKEHUN.
W3 onperneneruns meTona HeloToHa Takke ciaeqyeT TpeboBaHUe HEBBIPO-
KJIEHHOCTH MaTPHUIIBI BTOPHIX TTPOU3BOAHEIX (reccuana) dbyHKInu f.

Herpynuo BumeTh, uTo mosayueHHas dopmysaa MeTona HeioToHa pe-
IIEHUS 3a1a9 63y CIOBHON MUHUMU3AINHA COBIAMAET ¢ (hopMyIoi MeTona
HeioToHa perrenusi cucTeMbl ypasaernuit gradf(z) = 0, cooTBeTcTBYIO-
el HeoOXOMMMBIM yCJIOBUSIM KCTPEMYyMa.

3. Jlast 3a1a4 yCIOBHOM MUHMMU3ALUM, HAIpAMep min 2,
z€[1,2]
OPEOJOXKECHHBIE METOABI HY KOaIOTCA B MOI[I/IQ)I/IK&HI/H/I. B YaCTHOCTH, OJA
IIPUBCIACHHOT'O IIPpUMEpPa, KOT'Ta MHOXECTBO X wumeer JOCTaTOYHO IIPO-
CTYIO CTPYKTYPY, YKa3aHHbe BEIe GOPMYJILI COBMEIIAITCI ¢ IPOLIENY-
pOI;I IIPOEKTUPOBaHUSA Ha X ma KaXJO0M IIIare MeTonaa. Taxk IPpUXOOUM K
METONY BPoeKyUl 2palduenina

2t = Prx {2' — aygradf(z")}, t=1,2,..., Va! € R™.
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,HJI?I 0oJiee CIOXKHBIX MHOXKECTB X, OOIIyCTHUM, 3adaBacMbBIX O paHU4e-
HUAMHU HEPABCHCTBaAMHM

X ={zxeR" gi(x) <0 Vie M}, (3)

YHABEPCAJBHBIM CIIOCOGOM OCBOOOXKIEHHUS OT OTPAHMYEHNH ABJIAETCS WX
mTpadoBanne. A IMEHHO [ AOCTATOYHO OOJBLINOA KoHCTaHTH C' > (
BMeCTO 3a/1auu ycaopHoi MuauMusanud (1),(3) paccmMaTpuBaoT 3amxady
6e3ycJIOBHON MWHUMMU3AINYN oM TpadoBaHHON 1TeJleBON PYyHKIIUT

min {/(z) + C Yl @)}, rae Sl ()] -

zER™® : :
iEM ieEM

510 Pynryud wmpada (wmpaduas Pynrxyud) nas orpaHWIEHUH Hepa-
BencTs, gt (-) = max[0, g(-)] — cpeska g, napamerp mrpada p > 1.
(Opyrue punst Gyuknui mrpada cM. B [4,5].) B ycaoBusx HenpepbIBHO-
ctm bynknwit f, g;, HemycToThl X W OrpaHUYeHHOCTH MHOXeCTBa Jlebera
dyHKIMA [ MOXHO OKa3aTh, 9TO C POCTOM KOHCTaHTH mMTpada

lim min {f(z) +C Y _[gf ()]} = /" (4)

Cloo z€RM
t 1eEM

Fcim p = 1 (dyHKIHMs-cpe3ka |, CJeIOBaTeIBHO, ITpadHas dYyHKINI
ABageTCa ocTpoit), To 3C™ 1 min{f(z)+C* 3 ;e g (z)} = f* (cyme-
cTBYeT mounbit wmpad). Onnako npu p > 1 — eaedkud wmpad uo-
IOOHOE paBEHCTBO 03HAYAJO OBl HECYIIECTBEHHOCTH OTpaHuyIeHnd © € X
(Touka Ge3ycaOBHOTO MUHMMYMa M TakK HaXONUTCs B X).

YTBEPXKIEHUE 4. Ilycte f,g; € CY(R™), Boinykas;, p > 1 u 3C*:
x¢ = argmin{f(z)+ C* 3 [¢ (z)]’} € X, Torna

C . . .
A . = .
¢” € Arg min f(z), v.e. min f(z) = min f(z)

HOKA3ATEILCTBO. Tak kak 2¢ — Touxa 6e3yCa0BHOIO SKCTpeMyMa

muddepennupyemolt GyHKIIMYU, TO TpaauedT omTpadoBaHHOW (YHKIIUN
nesw B Heit pasen mysio: grad f(z¢)+C*p > [gF (z€)]P~ gradg;(z€) = 0.
Ho u3 ycnosus ¢ € X Bce BhIpaxeHMs B KBaIPATHBIX CKOOKAaX, a 3Ha-
YUT, ¥ BTOPOE cJaraeMoe paBHbI HyJi0. OTciona ciaenyer gradf(xc) =0,
T.€. HeOOXOAMMOE Y CJIOBUE HKCTPEMAJBLHOCTH TOUKM £~ HJis 3anaun 6e3-
VCJIOBHOM ONTUMM3allMU, KOTOPOE B BBIMYKJOM CJydae OKa3bIBaeTCs U
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moctaTounbM (cM. yTeepxkaenue 2). llostomy z¢ — Touka Gesycaos-
noro muammyma f. Ho z¢ € X, rax uro ¢ — u Touka ycaoBHOTO
vuauMyMa f Ha X, nbo Ge3ycJOBHBIN MUHWMYM HE MPEBBINIAET yCIOB-
HOTO. Y TBEpXIEHWE MTOKAa3aHO.

Taxum obpaszom, HJs raagkoro mrpada He yaaeTcs CBECTH 3a1a9y
YCIOBHOM MUHMMM3AIUK K Oe3yCJIOBHOM, TeM He MeHee dopmyda (4) mo-
3BOJISIET WTEPATUBHO KOMOWHMPOBATEH METOM IITPadoB U I'PalUeHTHHIR
MeTOf B ciedylomledl mpomenype: Vz'! € R®

2t = 2! — oy {grad f(z')+Cip Z[gi‘"(xt)]p_lgradgi(xt)}, t=1,2,...,
1eEM

KOTOpasl CXOIWTCS IMpPH OINPEIeJeHHBIX COOTHOIIeHUX Mexny {o;} u

{C,}, B wacTHOCTH Aa1s y6bIBatomiero mara npu Y. a2C? < oo (Hanpu-

MEp, &y = 1/t7 Ci < \/Z)

Y TBepxkenne 4 MoKa3pIBaeT, YTO TPAEKTOPHA MeTofa ITpada Impo-
XOIAT, BOOBIIE TOBOPS, BHE MHOXECTBA OTPAHMYEHNH X, XOTS ¥ CXOAAT-
¢ K JaHHOMY MHOXeCTBY. M3-3a 5TOro pacCMOTPEHHBIH MeTON WHOTIa
TaKXe Ha3bIBAIOT METOIOM BHENTHHX MTPadoB B OTJIAYHAE OT METOIOB
snympennel mouky, WIA 6apbepos. T UIMYHEIM TIPUMEPOM NPUMEHEHHUS
MeToa OaphepoB ABJIAETCA onucaHHLIi B §7 meTon Kapmapkapa, korna
sagada (9), sKBUBaJeHTHas 3a/1a4€e yCJIOBHOW MUHMMU3AIIAN

min p(x),
z>0, Z z;=N

CBOMUTCS K Oe3yCJOBHON MWHUMU3AIUY CIETHAJbHON OaphepHOW QPyHK-
mn k(z), He mosBosoMmed MeTony HblOTOHa BBIHTH 3a OrpaHWUEHWS
z > 0, ecin B 5THX OrpaHWYEHUAX BLIOPAHO HaYaJbHOE MPHUOJIVMKEHHE.
Passuunbie Bunsl bapbepHbix GyHKIUE cM. B [4,5] — nas Hux xapakTep-
HO OLICTPOE BO3pacTaHue NpY NPUOJMKEHUN M3HY TPY K TPaHUIe MHOMXKE-
cTBa orpaHuYeHui (Torna Kak mrpadHas GYHKIHS CTPEMUATCS K HYJIO
OpU NpUDJIMKEHAN K MHOXECTBY OTpaHWYeHWi — wu3BHe). st perre-
Hus obmedt samaan MII (1),(3) ¢ orpaHudeHUsIME HepaBEHCTBAMH METO-
ny Kapmapkapa cooTBETCTBYeT MCIOJIB30BAHAE BMECTO PACCMOTPEHHON
BHINIE IITpadHOi (HYHKIIMK, OCHOBAHHOM Ha Cpeske, 4o02apudmuueckot
OapbepHOll QYHKIINW, PABHOR

~ 5 Y Infgi(a)]

1EM
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pu ¢;(#) < 0Vi € M n +00 B IpOTUBHOM ciiydae. JTa QYHKIUS TaK¥XKe
npubaBaseTCcs K IEJEBOR, W COPABEMJIUBO COOTHOIEHUE, AHAJOTUIHOE
(4).

Hpyrue cnocoObl CBefleHUsE 33189 Y CJIOBHOW OMITUMU3AIINY K O3y CITOB-
HOM, OCHOBaHHEIE HA MeTone MHuodcumeneti Jazpanoca, OynyT BLITEKATH
W3 PE3YILTATOB CJAEAYIONETo maparpada.

§9. IsoucrBennocts B MII

Heobrodumbie ycaosud 40KGALHOZ0 MURUMYMG obobuenno dude-
penyupyembir Pynxyuld npu oepanuvenudr wepasencmeor. Teopema
Kyna-Taxxepa. Honamue o pezyagprocmu ozpanuuenuli Hepasencms 6
sadave MII. Memod muoacumeaneti Jaepanoca.

1. B sTom maparpade OyneMm paccMaTpuBaTh 3a1ady yCJIOBHON ONTH-
vmsammm (1) ¢ X C R™, X # (), mo mpeumyImecTBy, ¢ OrpaHUYeHUsI-
mu HepapeHcTBaMu (3). Kak yxke oTMeTasoch, yCJIOBHE paBeHCTBa HYJTIO
TpanmedTa IJs TaKWX 3aJad MOXET He MMeTh HWKAKOT'O OTHOITEHUS K
TOYKAM YCJOBHOTO 3KCTpeMyMa. [1o5ToMy BEIBEIEM COOTBETCTBYIOIIHE
HeoOXONMMBIE YCJIOBHUS NJS PaccMaTpPHBAeMOro ciydas. BHadaJge oHHM
OyoyT maHBl B AOCTaTOYHO OOIel dopme, DOMyCKaIOMed TpuMeHeHWe
mist UpoKoro Kiacca 3agad MIT (KycodHo-TJIafKuX U TIPH TTPOU3BOJIE-
HEIM 00pa3oM 3alaHHBEIX OTPAaHUUEHWSX, a TakKXe He 00A3aTedbHO KO-
HEYHOMEPHBIX ). 3aTeM MPOBeIeM KOHKPETH3AIMIO [JIs orpaHndeHuni (3).
s obbrunbix 3amad MIT (KOHEUHOMEPHBIX, ¢ HENPEPHIBHO muddepeH-
[MPYEMBIMHU (DYHKIIMSAMM) CTIPABEMJIMBLL BCe NalbHEHINNE TTOCTPOEHUS
BLIBONBI IPH 3aMeHe 3HaKa V OOBIUHBIM T'palueHTOM. TakuM obpasom,
OCHOBOM 000DOIIIeHUs SIBISETCS CJAEAyIOIIee

OnPEANENEHUE 4. ®Pyukius f HaseiBaeTcs duddepenyupyemoti no
Adamapy B Touke x € R™, ecoim cymecTByeT BekTop V f(2) € R™, Takoi
gro Yy € R™ BrImOsSTHEHO:

fz+7y) - [(2)

lim
(1.y")—(+0y) T

= (Vf(2),9).

T 6eCKOHEUHOMEPHBIX 3a1a4, Korna f — dyrkmuonat: £ — R rae F
HEKOTOpoe GyHKIMOHAIBHOE TPOCTPAHCTBO, Tpebyetes: V f(x) € E/ nas
npoctpancTBa E’, compsxennoro x E, u z,y € E. B roagkom cayuae
Vf(z) = gradf(z) u MOXHO MOJOKUTE §' TOXKIECTBEHHO PABHBIM ¥.
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B 6e3yciioBHOM onTUMHA3AINY CYTIIECTBEHHY O POJIb UTPAJIU HAIIPaBJIe-
HUs crmycka (yObiBaHUS 1ejaeBoil QYHKIWMHA). B yCJIOBHOH ONTHMU3AINH,
KpoMe yOBIBaHUsI 1eJeBON GyHKIINY, TPEOYETCS OTCIACKUBATE EITE W He-
BBIXOI 3a orpanudenwus. [losTOMy BBONMTCS TIOHSTHE 803MONCHO20 WA
donycmumozo HaTIPABJIEHUS B TOUKe z € X [JIs MHOXeCTBa OrpaHude-
Huit X KaK TaKoTo BeKTopa ¥, Aad koToporo 70 > 0: z+1y € X Vr e
[0, 7°]. BaMbIKaHKe MHOXECTBa BCeX NOMYCTUMBIX HATPABJCHUH B TOUKe
z nas X maeT caemyiolee

OUPENEJIEHUE 5. Kowmunzenmubis KoHYcom K MHOXKeCTBY X B TOU-
Ke & Ha3bIBAeTCS MHOXECTBO BEKTOPOB

K(X,z)={y| 3 {(Tt,yt)}?iﬂ (Tz,yt) — (+0,y), =+ ny € X Vi}.

Ouesnnno, nas & & X K(X,#) =0, a s ¢’ € intX K(X,s') =
R®. Nag € 0X B caydae riaagkodl rpasunsl konyc K (X, z) Hasw-
BaETCA TAKXKE KOMYCOM KACAMEALLHBIT W COOTBETCTBYET KaCATEJIbLHBEIM
HaIpaBJeHUIM I OT PaHWYEHNH-PAaBEHCTB.

TEOPEMA 1 (06wud 6ud neobTodumbiy Yycaosul 40KAALHOZO MUHU-
myma 8 zadaye (1)). Mycrs dynruus f nuddepennmpyema no Agamapy,
X CR®, X #0, 2°— Touka sokanbnoro munumyma f B samade (1),
rtoraa Vy € K(X,z%) (Vf(z"),y) > 0.

JITOKABATEIBCTBO. Bribepem y € K(X,z"). Has cooTBercrByio-
mux emy no onpenejenuio 5 {7, y'} somoaneno z° + ryt € X, u, Haun-
Hag ¢ gocraTouno 6oabmoro ¢, z° + 1yt € X N 0 (z°) (ubo 7 — 0),
caeoBaTenbho, no onpeneneruio 1 f(z° + ny') > f(2°). B npenesne
MOJIyduM

L) S S ) - )
(my")—(+0,9) T (re,y")—(+0,7) Ty

>0

?

n Tp66y6MOG COOTHOIIICHUE BEITEKAECT M3 OIIpEICJCHUS 4.

CormepxaTeJbHO TaHHBIE YCIOBHS O3HAYAIOT, UTO CPENH JTOMY CTUMBIX
HaIPaBJEHUN B TOUYKE JIOKAJHHOTO MUHMMYMa HE NOJKHO OBITH Hampa-
BJleHWI yORIBaHus TeseBodl GyHKun (cM. yTBep)aenue 3 §8). OnHako B
TaKOM OOITleM BUJIE 5TUMU YCJIOBUSIMHU HEYMOOHO MOJB30BATHCS.

KonkperusupyeM moJNyUYeHHBIE YCJIOBHUS [IJisi OIDaHWYEHWHA Hepa-
BEHCTB, Korga X samaercs dopmyioit (3). Beemem V& € X MHOXecTBO
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unnekcos J(z) = {i € M| ¢g;(x) = 0} — axmuenbiz oepanusenud B TOUKe
&, T.e. TAKUX HEPABEHCTB U3 (3), KOTOPHIE B 9TOH TOYKE BHIMOJHEHB KakK
paBeHCcTBa. W onpefesuy MHOXeCTBO (KOHYC)

G(z) = {y € R?| (Vyg;(z),y) <0 Vj € J(z)}.

ONPENENEHUE 6. MHOXecTBO X st OrpaHUYeHUH HepaBeHCTB (3)
Ha3BIBACTCS peeysdpubis 6 mouke x € X, ecsm G(x) C K(X, x).

TEOPEMA 2 (neo6Todumble Ycao8ud A0KGABHOZO MUHUMYMG ¢ 02Pa-
HuveHuAMY Hepasencmeany). Ilycte dyrakiun f, g; Vi € M nuddepen-

nmupyembr o Anamapy, X # 0, z° — Touxa JokaabHOrO MHHEMYyMa f
B 3anade (1),(3) u MmuoxecrBo X peryaspo B Touke z”. Torna
;>0 V{f(z Z Aigi(@ } =0. (5)
]EJ(ZD)

HOKABATEIBCTBO. Ilo Teopeme 1 u u3 onpeneneHns: peryasspHOCTH
X B 2% caenyer, uro (Vf(z°),y) > 0 nag Beex y, yAOBIETBOPSIONIUX
yeaosuo (Vg;(z°),y) < 0 Vj € J(2°). 3naunr, no onpenenennio 3 §7,
nuneiinoe mepasercTso (Vf(z"),y) > 0 aBasercs caencTBuem cucTe-
MBIl smHeiHbIX HepaseHeTB {(Vg;(z°),y) < 0 Vj € J(z°)}. lpusens
5To HepaBeHcTBO K cTanpapTHomy Buny (—V f(z"),y) < 0 u npumenus
apuuHyo JemMmy Papkaria (§7), moayduM, 9TO

3N >0 Vi) = Y AV
jeJ(z")

Takum 06pa3oM, IS PEryNIIpPHLIX OrpaHUYIEHHA HEOOXOMMMEIM Y CJIO-
BHEM JIOKAJIBHOTO MUHAMYMa B Tyaakoi 3amnade (1),(3) sBasercs papen-
cTBO HyJ o aubdepeniuana QyHKIMH B QUIYPHBIX cKoOKax B (5) s
XOTE Kakux-Hubynb A; > 0. UToOHI He 3alMCHIBATEL B SIBHOM BHAE MHO-
KECTBO aKTMBHBIX OTPaHWYEHNH, BBOAAT Pynwyuio Jaepanoca

L(A; 2) + > Ajgi(e) = f(2) + (A, g(2")

JEM

(peryaspuoit) 3amaun (1),(3), rae Bekrop-dynkuus g(-) = (g;(-)| j € M).
W3 TeopeMBl 2 caedyeT, 4TO paBeHCTBO HyJo nuddepeHnrana GyHK-
nuu Jlarpamka mist Aj > 0 TakXe SIBASETCS HEOOXONMMEIM yCJIOBHEM
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JIOKaJILHOTO MUHHMYyMa B peryisipHoit samade (1),(3), ubo muoxcumenu
Jaepanoica Aj, COOTBETCTBYIONINE HeAKTHBHEIM Ol DAHMYEHUIM, MOXHO
B34Th PaBHLIME HyJf0. IlocJeqHee yCIOBHE 3aIMCEIBACTCS KaK

(A, 9(z")) =0 (6)

W Ha3BIBAETCH YCACBUEM JONOanAIouet nexcecmrocmy. MTak, Tokazana

TEOPEMA 3 (npunuyun onmumaesbkocmu Jaepanaca). B upenmoso-
XKeHusAX TeopeMbl 2 mist 3amaqm (1),(3) cymecTByeT HeoTpUIATENBHBIH
BeKTop MHOXWTeJed Jlarpamxa A > 0, Taxoii, uTo mad 2° BEIIOJHEHE

ycaosus onmumassnocmu: Vo L(z% X)) =0 u (6).
s Boimykabix sanaq (1),(3) nanHble HEOOXOMUMEIE YCJIOBUS SIBJIS-
IOTCA B PETYJIAPHOM CJAy4ae W JOCTATOYHBIME, B MOXET OBIThH TOKa3aHa
TEOPEMA 4 (Kyna, Taxxeps). Ecnu B samaue (1),(3) dynkiun
f,9; € CY(R™) BoImyKaBl M MHOXeCTBO X PperysspHo (B J060# Tod-
Ke), To ¥ — ToYKa ONTHMyMa B 5TOH 3a7ade TOTIa U TOJBKO TOTa,
KOT/la B Hefl BLIMOJHEHE! yCIOBHA ONTHMAJLHOCTH Aag A > 0.
IMOKA3ATEILCTBO. HeobXomMMOCTh cjeyeT W3 MpeAbIAyIIuX Teo-
peM, MOKaXKeM JOCTATOYHOCTL. IJId MaHHOTO A B TOUYKe Z* BHLINOJHEHO
YCIOBHE 5KcTpeMalibrocTH &% mis dyHknmu L(-, A). C yueTom HEoTpHITa-
TEJBLHOCTH A 3Ta (hYHKIHUI BHINYKJA [0 %, 3HAUWT, £* ABJIAETCS TOUKON
ee MuHAMyMa (cM. yTBepxaenue 2 §8). OTciona ¥ U3 yCIOBHS TOTOJHSIO-
miedt HexecTKocTH noayunM, ato f(z*) = f(z™)+ (A, g(z*)) = L(z*,A) <
Lz, A) = f(z)+ (A g(x)) < f(x) Ve € X (wbo gj(x) <0 nas z, ynosie-
TBOPAIOIINX OTPAHUYECHUAM ), 9TO U TpebyeTcs B onpenegennn (2).
Amajoruunnle TeopeMaM 2—4 yTBEPKACHUS CIPABEIJIUBEL U JJIA CIIy-
4ad, Korja X 3a1aeTcsd orpaHHYeHUIMHA-PABECHCTBAMMY, W [ CMEIlaH-
HEIX CHCTEM OIPaHUIeHU paBeHcTB 1 HepaBeHCTB: gj(z) < 0, gi(z) = 0.
ToJBKO Ha COOTBETCTBYIOIIUE OrPAHMYCHUSAM-PABEHCTBAM MHOXHTEIHN
Jlarpanxa \; He HamO HaKJIaILIBATL YCJIOBHS HEOTPHUIATENLHOCTH, &
Ha YCJOBWE IONOJHAIONEH HEXECTKOCTH 5TH OUPAHMUYECHHS He BJIMIOT
(B ciydae orpaHWYEHHHR-PABEHCTB BooOIEe onyckaeM (6) U MpUXOIUM K
KJIACCUIECKOMY npasuay muoxcumened Jaoepanaca).

2. Tenepb BCIIOMHHKM, YTO IIOJIYyYECHHEIC YCJOBHUI ABJIAIOTCA 3SHAYUMEI-
MU JIUIIL B IIPEATIOJOXEHUN PETYJJIAPHOCTH OI‘paHI/I‘wIGHI/H;I7 IJId KOTOpPOTO
OIpeacJICHne 6 e JaeT KOHCTPYKTHUBHOT'O crocoba IIPOBEPKU. B JaHHOM
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NYHKTEe OYyAYT paccMOTPEHBI HEKOTOPHIE AOCTATOUYHBIC Y CJIOBUS PETyIsap-
HOCTY OTpaHWYeHUH HepaBeHCTB (3) s IIalKuX 3a1ad.
Kpome G(#), onpenenertoro B m.1, BBeieM TakKe MHOXKECTBO

G%(z) = {y € R*| (Vyg;(z),y) <0 Vj e J(z)},

OTJIMYAIOIIEECS 3aMEHON HECTPOTOro HepaBeHcTBa cTporuM. Ho 5To MHOo-
KECTBO yXe BKJIIOUAeTCs B KOHTHHTEHTHBIN KOHYC.

YTBEPXKIEHUE 5. B mnpeanosoxennn muddepeHITIPYEMOCTH 1O
Anamapy (miam HempepniBHOR nuddepeHnupyeMocT) QYHKUAHA gj, 3a-
natonux orpanmdenus (3), G%(z) C K(X,z) Vz € X.

JTOKA3ATEIBCTBO (oT npoTuBHOro). IlycTh cyIIecTBYeT HApPaBe-
nue y € G%(z), ne Bxomamee B K (X, z), T.e. 1714 a1060# MOCa€10BATE b=
HOCTH, GUTypUPYIONIEH B ONPENENeHNH D, HalIeTCs MOATIOCTENOBATE -
wocth (13, y") — (+0,y): z + ny' € X, caenobarensno, Vi 3 unmekc j,
Takoit uTo ¢; (# + 1 y') > 0. BO3MOXHBIX MHIEKCOB — KOHEYHOE 9HCIIO, &
Pa3JuYHBIX { OECKOHEYHO MHOTO, 3HAYNT, HAUJETCA OrpaHWYeHue, MyCTh
i-e, KOTOPOE HapyIlaeTcs GECKOHETHOE YUCJIO pa3. PaccMOTPUM COOTBET-
CTBYIOTIYIO MOANOCIENOBATENHOCTE {1 } 1 gi(® 47, 41, ) > 01, ycTpem-
asist k — oo, nosyaum, uto g;(#) > 0. Ho u3 ycaoeus ¢ € X crpaBeainBo
obpaTHOe HEPaBEHCTBO, OTKYIa CleayeT paBeHcTBO, T.e. i € J(z). On-
HaKO JUIS 9TOTO 4 no onpenejennio 4 6ynem uvets (Vg; (), y) =

gi(x + 1y') — gi(x) g9i(® + T, y1,,) — 9i(2)

= lim = lim > 0.
(7,9")—(+0,y) T k— o0 i,
lpurmiu k nporusopeunto ¢ y € G¥(z).
OTcrofa mosyd9aeM CIeNYIOIEE YCA06UE Pe2YATPHOCTIY:
G(x) = G°(z). (7)

3neck m magee depTa Hal MHOXECTBOM 00O3HAYAET €ro 3aMBLIKAHHUE.
YTBEPXKIEHUE 6. B cleqanHbIX Ipennosoxenusx ycmaonue (7) obec-
NEeYNBAET PETYJIAPHOCTE X B TOUYKE X.
HOasg IOKA3ATEJBLCTBA [OCTATOYHO 3aMETHTH, YTO MHOXKECTBO
K(X,z) aBagerca samkuyThiM, a Bkmouenne G°(z) C K(X,z) npu-
BomuT K G°(z) C K(X, #) nocsie B3ATHs ONEPANUN 3aMbIKaHMUS.
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YTBEPXKIEHUE 7. HoctaTounbm aas (7) sBasieTcs

G°(z) # 0. (8)

JTOKABATEIBCTBO. U3 (8) nas anrebpamyeckoit cymmer G u GO cae-
ayer: G+ G C G 1e. G+GOC G, aG'D0maer G+G°DG. 1
U3 JWHEFHOCTH ONepaTopa 3aMblKaHus ¥ 3aMKHyTocTH (G osydaem (7).

s Beinykaeix X BeimodHeHue (8) u, CJIeN0BATENBHO, PETYISPHOCTD
(B s11060# TOuKe) orpaHuueHui (3) rapaHTHpYeTCS Yyeaosuem Casdmepa
(32’ € X ' gi(¢’) < 0 Vi € M). JluHeliHble OrpaHWYEHUS BCET/A
peryasipabl (MHOXecTBO (7 COBIANAET ¢ KOHTHHTEHTHBEIM KOHYCOM ), XOTSI
yeaopue CusiiTepa wiu (8) [MJIst HUX MOXET He BBEIIOJHITHCS.

I pyrue THILI ycJOBWE PETYJIAPHOCTH, & TAKKE yCJIOBUS PETYJIsAp-
HOCTH [l CMEINAHHLIX CACTEM OTPAHWYEHWH PaBEHCTB M HEPABEHCTB
cM. B [4-6]. B 4acTHOCTH, KIACCHYECKUM YCJIOBUEM DPErYJISSPHOCTH Js
OrpaHWYeHU-PABEHCTB ABJIAETCSA JUHEHHAS HE3aBUCUMOCTD TPalnEHTOR
OrpaHWYeHUH B SKCTPEMAJLHON TOYKE.

YIIPAZKHEHUWE 8. IMoayuyuTs TeopeMy ABOUCTBEHHOCTH
JIII xak caemcTeue teopembl Kyma-Takkepa (s cayaas o3JIIT).

YcoBusg ONTHMaJLHOCTH CJIyKaT OCHOBHLIM MHCTPYMEHTOM TEOpe-
THYECKOTO MCCAETOBAHMS 3a1a4 Y CJIOBHOM ONTUMEA3AIAN. Y TOOk 9mcieH-
HO (MpUOJIMKEHHO) HAHTH yCIOBHBIH 3KCTPEMYM € MX HOMOIIBIO, TPUMe-
HAIOT METOMBLI OE3yCJOBHON ONTUMU3AIMAN [JIS TOUCKA CENJOBOM TOYKH
dyakmmu Jlarpanxa wiam KOMOMHUPYIOT MTpadHyio GYHKIIUIO ¢ GYyHK-
nuer Jlarpamxa aJd NoJydeHus TOYHOro Taankoro mrpada. K coxa-
JIEHWTO, BCE 3THM METOMABl OCTAHABJWBAIOTCA B MEPBOM IOMABIIEMCS JIO-
KaJbHOM 3KcTpeMyMe. [JToGabHEIR OMTUMYM MOXHO HCKATh, TEpebu-
pas JOKaJbHBEIE ONTUMYMBI, HO JJIS 33139 HEOTHOMEPHON MUHUMU3AIAN
He TOHATHO, KaK HaXOIWTh BCE JIOKaJbHLIE OMTHMyMEI. HekoTopble n3
CYIIECTBYIOIIMX TIOAXOMOB K PENIEHHIO 3a1ad IJI06aJbHON ONTUMA3AIIAN
NPHUBOIATCS B CJAELyIONeM maparpade.
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4. CIIOCOBbBI PEIIEHUY IIEPEBOPHBIX 3A0AY

Jumepamypa:
2. Manamuvmurpuy X., Craiiraun K. KombunaTopras onTuMuzanms.
M.: Mup, 1985.

6. Muny M. MaTemaTudeckoe mporpammupoBanue. M.: Hayka, 1990.
§10. Tnmobanbuaa onTumMusanusa. MeTom BeTBed M CPAHUIT

Cayuadnbiii v nocaedosamenbuviti nepebop. Memod semset u epa-
Huy 8 2a06aabnol onmumudayuy. Onucanue v cmpamezus Memoda.

1. Kak yxe oTMedaJoch paHee, 3a1ad¥ TJIOOAIBLHON ONTUMU3AIIHI
(T.e. B HEBBIMYKJOM ciiydae 3aladd ONTHMH3AIUK BOOOIIE) SBISIOTCST
nepebopHbiME. lepeGopHBIe aaropuTMEl He 5GdHeKTUBHEI (B pacdyeTe Ha
XYAILIYIO 3a/ady ), MO3TOMY YCIEX B PEIeHUN KaXX 0 KOHKPETHOM 3a/1a-
9H CYIIECTBEHHLIM 00pa30M 3aBUCUT OT cTOocoba OpraHu3alny mepebopa.
Ecaw MBI TOTOBEI OCTaBUTH BO3MOXHOCTD MW HEBO3MOXHOCTE PEITEHUS
Hallledl 3a7a9¥ Ha BOJIO Caydas, TO eCTeCTBEHHO MCTOJIbL30BATE Caydal-
HBIT Tiepebop. DTOT c1nocob mepebopa 0OOBITHO SIBISETCS CAMBIM TTPOCTHIM
¥, KaK TPaBUJIO, 5KOHOMUT NaMsTh. Lo 3amaun moucka raobaJbHOTo MU-
HAMYMa €My COOTBETCTBYeT cienyiommii memod Monme-Kapao.

Mycte permaercs 3anada (1) u3 §8, rie (MUt yOPOIIEHNs N3TOKEHUS )
MHOXECTBO oTpaHuyeHnit X — eTMHWYHBIA n-MepHbIA Ky6. Boibupaem B
COOTBETCTBUH C PABHOMEPHEIM paclpeneenreM Ha X cJaydalHble TOIKA
z!, B KOTOPLIX BLIYKMCJIAEM 3HAaUCHHE [eJeBOi (DYHKITMH, 3aIllOMAHACM Te-
Kylllee HauMeHbIIlee 3HaueHne — pexopd — W PeasU3yIoNIyio ero TOUKY.
Torma Ve > 0 BeposTHOCTH

P(|mtinf(xt) —f"|>¢€)— 0npu it — oo.

CXon¥MOCTh TaKOTo MeTOHa BYAeT MOBOJLHO MejeHHOH. Ipu 5ToM He
M3BECTHO, Ha KAKOM PaCCTOAHMM OT TOYKHM MEHHMYMAa HAXOTUTCS MOJIY-
YeHHad peadmn3alns.

Cysum xaacc paccmMaTpuBaeMblx 3aaad (1), mpeanosoxus BAOGABOK
K TIpefLLIyIleMy, 94To (QYHKIWs IeJd JHIIHNEBa Ha X ¢ KOHCTAHTOM
L: f €Lip(X, L), te. |f(zx) — f(z")] € L||z — &'|| Vo, € X. N ne
PACCUMTHIBAad HAiTH TOUHOE PellleHHe, 3a0auMCcI MOIXondmuM € > ( ¢
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HeJBI0 TIoucKa e-pubimkennoro pemenns ¢° @ f(2°) < f(z*) +¢. (Ha
6JM30CTH #° M & HUKaKUX YCJOBUH He HaKJIaAbIBAETCS.)

Tenepb MBI MOXEM TIPUMEHATH METOMLI J€TEPMUHAPOBAHHOTO MEPe-
Gopa. IlaccuBHBIH (He HCHOJNB3YIONIMHA NMPH BHIOOPE OUEPENHON TOUKH
HHGOPMAIHIO, TOJYUYEHHYIO IS MPEAbIIYIINX) CIOCOb MOUCKA MPUBO-
ONT K TOJHOMY mepebopy: pasobbeM X ma monkyGnl X! Tak, 9To6LI
Ve, € X7 1 ||z —2'|| <6 =¢/L, B xaxnom X? Gepem mpomsBoIbHYIO
Touky 2/ M moaaraem

f(z%) = min f(27).
J

OueBunHo, £° W eCTh HCKOMOe e-TpubJmkeHHOe perienne. (HeiicTBu-
Tennho, Vj, Vo € X7 f(2°) < f(27) < f(z) + € no ycaosuio Jlummmura,
U, B dacTHOCTH, i & = z* umeem f(z°) < f(2*) + & — cooTseT-
cTBHE ¢ onpenenenneM.) OMHAKO CTOPOHA KaXIOTo j-ro MonKyba paBHA
£/(L+/n), a Bcero monky6oB ¥, CJIEOBATENBHO, BLIYMCIEHAH SHAUCHWH ITe-
aeBort pynkmy 6yneT (Ly/n/e)™ B moboM caydae, 9T He MBICIUMO /1aXKe
NI ecaTKa MepeMeHHbIX. [losToMy pa3pabaThIiBAalOTCS METOMEI TOCJeE-
JOBATENBLHOTO Tepebopa, MO3BOJAIONINE yUATHIBATH yIKE BEIYUCJIEHHEBIE
3HAYEHUs W aJallTHPOBaThCA K HEXY/IIEMY CJIydalo.

IIpeanosoXuM, 9TO yXKe BEIYMCJIEHLI 3HAYeHWs (DYyHKIMHA B TOYKAX
z', ..., 27" 1 peKOpAHBIM OKa3aJ0Ch 3HAYCHHe f(z") = R. Torna, ecau
f(z?) < f(z"), To obHOBAsEM pekopn = j, R := f(2/), a ecom f(z7) >
f(2"), To MOXHO He BHIYMCIATH 3HAUCHWH (QYHKIINM Ha MHOXECTBE
Ti(R) = {z € X: ||z —27|| < (f(’)— R)/L}, Tak xax 5To He macT HOBO-
ro pekopna (u60 Vz € T, f(2)—f(z) < L||z—27|| < f(z7) - f(z"), T.e.
f(z) > f(2") = R, v 3HAQUAT, CPEAIM HAX HET TJOGATBHO-ONTUMAJIBLHOTO
pererust). OBHOBJICHHE peKoOpiia B NPHHIMIE TO3BOJAET “OTOPOCHTH”
aHajgoruyHble MHOXecTBa T;(R) mast i = 1,...,j— 1.

Ecrecrsenno, B T;, Tj MOryT nonacTh u Touku z¥ ¢ yxe BLIumMCIeH-
ueM sHauermneM f(z¥) (koToprie Takum obpasom BEramcaAIHCH 3pst). [To-
5TOMY XOTEJNOCh OBl TaK OPraHMu30BaTh Mepebop, YTOOHI 0 BO3MOXHOCTH
VMEHBIITATEL YHCJIO MONOOHBIX “3pAMIHLIX’ BhIUmMcJaeHuR. K coxalsenunio,
ONTHMAJLHON CTPATEruu OpTaHW3aIlMh TIepebopa I MHOTOMEPHEIX 3a-
nau wer. Mcnoab3oBaHue cIydyailHEIX TOYeK 2' NPUBOIUT K IpobieMe
XpaHeHus W 06HOBJIeHH cyoxHoro MEOoXecTBa UT;(R) 3aBemomo ne onTu-
MaJIbHBIX ToYeK. MeTos nocoiHoro lepebopa 1aeT BO3MOXKHOCTH COKPa-
IIeHUs JIUIITH IO OJHON nepeMeHHON. s 3amau 60OJBIITON pa3sMepHOCTH
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mpeagaraeTcst (PasMuHBIME aBTOPaMM) CJEAYIONnE MeTo] mepebopa 1o
cxeMe semeeti U 2panHuy.

2. Memod semset u epanuyy (MBI') dax 24060404010 MUHUMUSGYBY.
Ilycts ' — nentp ky6a X. Boiuucasem f(z') u npucsaubaem 3To 3Ha-
uenue pekopay R := f(z!). Pasbubaem ky6 Ha 2" ONMHAKOBBIX MOJI-
KyboB X' co cTopomoii 1/2 u BEIYMCIgEM 3HAYCHMA MeJeBOH hyHKIAH
B MX IEHTpax: f(m“), ¢ = 1,...,2", obHOBJISAS MO XOMY BBLIYMCIEHUH
3HavYeHWe pekopma K := miny; f(x“) IIpoBepsieM BHITIOJHEHUE YCIOBUS
Xl C T1;(R) mg i = 1,...,2™ u oT6pachiBaeM cOOTBETCTBYIONINE MO/
KyoOnl. Kax bl u3 ocTaBiiuxcs pasbuBaeM Ha 2" OIWHAKOBEIX MOIKYOOB
X2 co cToponoit 1/4 m mocTymaem, Kak mpexje. Ha mo6oum mmare y Hac
dhopmupyeTcs MuoxecTso K “ky6uxos” co cTtoponamu 27!, [ > 2, mesoe.
[IpaBugao BeIbOpa ovepenHoro KyOuKa aJs pa3bueHus Ha3BIBACTCS NP a6 U-
AOM 6€MBAEHUA — BO3MOXHEBIE BAPUAHTHI IPUBOAITCS HUXe. KyOuku co
cTopoHoil He Goabie £/(Ly/n) mckmovaiores w3 MaoxecTBa K — mpo-
6senne KybrKa 3aKaHunBaeTcs. 1T akike HCKIOYAIOTCS KyOUKH, TOMaBIIIie
B MHOXecTBO T (R) (¢ mHAEKCOM k — HOMepOM KyOWKa) [JIst TEKYIIETo
3HAYEHWS] PEKOPIA, — NPasuso omcevenud semeel. Pexopm oOHOBIIs-
eTcsl TIPY MOJYUYeHWM MEHBINErO 3HAUEHUS TeeBod GYHKIHU (npasuso
NOAYUEHUA 2PAHUY, M.€. OYEeHOK). SHAUECHUS NEJNeBOH QYHKIINM BBHIUH-
CIASIOTCS B IMIEHTPE KaXJ0T0 HOBOTO MOAKyOuKa, Bauaemoro B K mocie
paszbueHust BHIOpAHHOTO AJs 5TOro KyOuka. AJropuTM ocTaHaBIMBAETCS,
koraa K mycro.

YKazaHHas TEPMUHOJOTHS W Ha3BaHWE METONa OMPENeNsIIOTCS TEM,
YTO BU3YaJbHO JaHHas cxeMa mepebopa TmpercTaBiseTcs B Buie rpada-
JepeBa, KOpHeBas BepIHHA KOTOPOTO COOTBeTCTBYyeT Kyby X, Bepiim-
HBI IIEPBOTO gpyca — moakybaM X 1#, BepHIMHEI BTOpOro spyca — Ky6u-
kaM X 29 | moncoenmEeHHEIM K CBOUM n0poxcdaiousum Bepimaam X ¢ 1-ro
spyca, u T.1. Ecaun kybuk uckmouyaercs n3 K, ero Bepiunaa gakpvisaem-
cd — W3 Hee He OyIyT UITH BETBU Ha CJenyomui spyc. Feam kybuk ere
ue BkawoueHd B K, ero Bepmmna ere #e packpvima. [lopsnok 3akpbiTus
BEPINUHBI ONPENEISeTCs TPABMIOM OTCEUeHHUs (CBOMM LISl KayKIOH Mac-
COBOM 3a1auu — cM. TakxXe B §11), MOPSIIOK PacKPHITHS — HPABUJIOM Be-
TBJICHUS (CBOMM JUJIS KaXKIOU MHIUBUIYaAJIbHOR 3a1aun). PasauuaioT nsa
BHU/Ia TIPABUJI BETBJICHWS [0 TUITY MOCTPOEHUS AepeBa peleruii (Bebopa
BEPINUH sl PACKPHITHS): “B IMMPUHY”, KOTa CHaYaja PacKphIBAIOTCS
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BCE BEPIIWHEBI OIHOTO SPyca M0 MEPEXoa K CAEHYIoneMy, u “B raybuny”
— BCSIKMH Pa3 pacKphIBACTCs JUIITH ofiHa (OOBIYHO ¢ JIY UMM 3HAUEHWEM
pekopiia) BepIllUHa Ha Apyce O KOHIA BeTBHU. Ha MpakTHKe PeasusyioT
HEKOTOPYIO CMeCh, HAITPUMED, TIEPBOe TTPAaBUJIO, TOKa XBATAeT MAITUHHOMR
naMsiTi (B K He CJIHMIIIKOM MHOTO JIeMEHTOB), 3aT€M MEPEKIIOTaeMCs Ha
BTOpoe. [IpeanouTUTETLHOCTD TOW WM WHOM CTPATETHH BETBJIECHUS OIle-
HUBAETCS KaXIBIM BEIUUCIUTENEM TTO-CBOEMY , MCXOMS U3 TJIaBHOW 3a1aun
MeTOfla BETBEU W I'PAHUIl — OBICTPee MOJYIUTD JYUIIUN PEKOPI, YTOOL
oTceub HoJIbIIe BETBEH.

B paccmaTpuBaemoii 3amade ecTh XOPOIMUE COCOO YIYUIIEHHUS pe-
Kopia — JiokaJdbHas onTuMusanus (cM. B §8). Ee wMeeT cMBbIcT TIPOBO-
IUTH U3 TEKYIIER TOUYKMW, B KOTOPOU MPOM3OIIO OODHOBJIEHHE PEKOPAA,
HalpuMep, Hejasg HECKOTLKO IMaroB TpaimeHTHOTO MeToma. [Ipm »>Tom
pacrojioxxenme KyOMKOB MeHITH He HAMO, MPOCTO YBEJIMIUBAETCS ITAHC
cokpaiiieHus mepebopa (oTOpackiBaHust GOIBIINX KyOUKOB).

OTmernm, 9To B xyamem cayuae [ = const (UT; = ) — ne ynaet-
¢ OTOPOCUTEH HUM OMHOW TOYKW & — W MPHUXOAWM K MOJHOMY Tepebopy;
T.e. yKa3aHHas B N.]1 5KCIOHeHTHMAJbHAsI OIEeHKa TOYHA Ha KJacce BCeX
JUTITIUTIEBHIX QYHKITHAH.

§11. IMemouunciaennoe auHenHoe nporpammuposanue (I[JIIT)

Omavnue 3adaw I[JI uw JIII: cywecmeennad nesunetdnocms o2panu-
wenud muna yeasonvucaennocmu. Hesddexmusnocms oxpyzaenud peuse-
nwud JIII do 6auwocatiuezo yeaozo. Cayuad 6noane ywumodyaapuot ma-
mpuybt ozpanuwuenud. MBI 6 I[JIII. MBI dag 6yaesa auneidinozo npo-
epammuposanua (BJIT).

1. Ilo-Bunumomy, HamboJiee BaXXHBIM KJIACCOM 3ajlad IJoOaJbHOM
onTuMmu3zaiuu sseasiiorcs 3anadu IJI. O1wu 3anauu popmyaupyroTes Kak
samaan JIII ¢ HOMOAHUTENBEHBIM OTPAHUYEHUEM IEJOUNCIEHHOCTH MEPe-
Mennbix. [locaentee orpannueHue, KakuMu Obl criocobaMu OT HETO HHU
U30aBIATHCS, “HOPTHT’ CBOHCTBO BHIMYKJIOCTH (M MOJHHOMUAILHOCTH )
samaum JIII. Hampumep, BHIpa3suWB yCJIOBHE IEJOYUCIEHHOCTH B GopMe
OTPaHWYEHUN HEPABEHCTB, PACCMOTPEHHON B IOKA3aTEIbCTBE YTBEP K IE-
uust 1 §8, u cHaB ux MeTomoMm mTpadoB, TPUIEM K 3alade TJI0OAILHOM
ONTUMU3AINHN, UMEIOIEN HE MEHBIIE JOKAJIBLHBIX SKCTPEMYMOB, YEM Ba-
PHAHTOB MJIS TEJOUNCICHHBIX TepeMeHHBIX B ucxomuou HJIII. TTosTomy
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Ha TpakTuke yaaercs permats 3amadu I Toabko Heboamboi pasmep-
HOCTH WJIU C OTPAHWUYEHUSIMU TEJOUNCIEHHOCTH HE Ha BCe, a JWINB Ha
HECKOJIBKO MTEPEMEHHBIX.

CymecrByer wacTHbi# kiaacc 3amad IJIII, B koTopeix orpannyueHune
MEJOUMCIEHHOCTH OKA3hIBAETCS HECYIIECTBEHHBIM.

OUNPEANENEHUE 1. Marpuna HasbiBaeTcsd 8no4He YHUMOOYAIPHO,
€CJIH OTPENENUTEND JTIOOON ee HEBBIPOXIEHHOW KBAIPATHOR MOIMATPHUITEL
paBeH 1mo MonyJo 1.

YTBEPXKIEHUE 1. Ecau MaTpuria orpaHudeHud pa3peluMon 3a/1a-
qu JIII ¢ meabiMu KosdduiimeHTaMu BIOJHE YHUMONYJSPHA, TO y HEe
CYIIECTBYET TEJOUUCTEHHOE PEIIEHHE.

HOKA3BATEIILCTBO OYEeBHAHO W3 MPHUHIUNA TPAHWYHBIX PEIIEHAR
(§5) n npasuia Kpamepa (cM. MoKaszaTenbcTBO TeopeMbl 1 §5).

YTBEPXKIEHUE 2. MaTpuna A BrodHe yHUMOAYISIPHA TOT A U TOJIb-
KO TOTIa, KOTZa IJIst JI0OOTO TEeJOUnCIEeHHOTO BEKTOpa b Bce BepITUHBL
MHororpaauka Azr < b, z > 0 IBIFIOTCA MeNOINCICHHEEIME.

HOKA3BATEIILCTBO B OHY CTOPOHY aHAJOTMYHO NMPENLIAYIIEMY, B
APYTYIO CTOPOHY CM. CChLIKY B [2, ¢. 333].

Taxum 0bpa3zoM, BIOJHE YHUMOIYJSPHBIMA MaTPUIAMHU OTDaHUUe-
HUW B TpWHIMIE OorpanHmdmBaeTcs kaacc 3amau LJIII, skBuBaseHTHBIX
JII u, crepoBaTenbHO, Aoy cKaomux s¢dekTuBHOE perenne. OTMeTHM,
YTO YKA3aHHBIU KJIACC, XOTsI M UPE3BHIYANHO Y30K ¢ (POPMATBLHON TOUKH
3peHns (saeMeHTaMu MaTpUIBl A MoryT 68ITE ToaEKo 0, 1 1 -1, mpudem
o Gosbied gacTu 0), COOTBETCTBYET AOCTATOUHO IIMPOKOMY KJIACCY
MPaKTHIECKUX 3a71ad ONTHMHU3ANUK Ha rpadax u ceTsx (OTHO- W ABYX-
[POAYKTOBHIE CETH, ABYAOJbHEE Tpadbl U T.11.).

[IpuBenem Ge3 mokazaTeqbCTBA EIE OIHO MOJE3HOE Y TBEPKAEHHUE, TTO-
3BOJISIIONIEE B HEKOTOPHIX CJIyUYasX TOJYYaTh TPUOIMIKEHHOE DPeEIeHne
IJIII myTem perenws JIIT.

YTBEP>KIEHHUE 3. Ecaiit Bce 3MeMeHTHI CHMILIEKC-TabMuIIb a45 , b;, ¢j
HaTypaJbHLIe UHCIa, TO A4 Joboro pemenns z° 3agaum JIII

max (¢, x)
Axr<b, 220

BekTop |2°], cocTaBJeHHBI# U3 KOMIOHEHT Lm?J, 6ymeT JOILyCTHMEIM B
OaHHOK 3amade. IIpH 5TOM [JIS PEIleHHS £ COOTBETCTBYIOIIEH 3a1adr
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LJI1I
max _ (¢, x)
Asz,zEZ1
ouesunna omerka |{c, |z°]) — (¢, z*)| < (¢, 1).

Y cloBrE MOJIOKATETHEHOCTH HCXOMNHBIX JAHHBIX BBITOJHIAETCS 15 He-
KOTOPBIX 5KOHOMHYECKHX 3a7ad. Takol ke pe3yJbTaT MOXHO ITOJy9uTh
IS psAa MHOTONPONyKTOBBIX IOTOKOBBLIX 3a/ad Ha CeTAX W NPYTHX JIH-
HEWHLIX 327129 MAKCUMHA3AIINAHN C TIOJOXATENBHBIM ¢, B KOTOPHIX JOMYCTH-
MO€ MHOXECTBO BMECTE C JIIOOOM TOYKOW T COMEPKHUT W BCE T’ C KOMIIO-
nentamu ¢ € [0,2;]. Onnako nouck z* mo |2°| Moxer morpeGoaTh
mepe6opa 2" BapHAaHTOB OKPYTJICHHS KOMIOHEHT 2.

K coxanenuio, B 0bmemM ciydae m mepebopa BCEX BO3MOXKHEBIX BapH-
aHTOB OKPYTJIEHWS KOMIIOHEHT peIleHusl HenpepbiBHOM 3amadn JIII oka-
3BIBAETCS HEAOCTATOUHO AJist oty derns pemtenns [T (manpumep, npu
n = 2, ecau AJIs MOJOXHUTETHLHOTO ¢ PACCMOTPETEH CHCTEMY OTPaHWYeHUH
=921 4+ 1022 < 0, —8x1 + 1029 < —1). Takum 0Opa3oM, MOUCK PEIIEHNS
IIJITI moxeT moTpeboBaTh O4eHb GOJBINOrO TEPebopa NEJOINCIEHHBIX
TOYeK, M BO3HWKAET Ta Xe, uTo W B §10, 3amaga opranusanum nepebopa
C TEJTBIO TOMBITAaThCA N0 COKPATHTh B CIy4ae He CaMOM IJIOXOW 3a/avu.
OnHuM M3 TOCTaTOYHO YIOTPEONTETHEHEIX METOIOB IEpebopa 3/eCh SABJIS-
eTcs MeTOo BeTBed u rpanuil, koTopbii mus IJITI 6yner paccmorpen B
n.2. Ipyrue Meronst cM. B [2,6].

2. Memod semeet u epanuy dag I[JII. PaccmaTpuBaercs 3amada

max (¢, z), (1)
Z€Z": Az<b
pEIIeHreM KOTOPOH SIBISETCS TEJOYNUCTEHHBIN BEKTOD 2.
B kopHeBo# BepiuHe MeTona BMecTo 3agaqdm (1) pemaercs o3JIII

2
zeRIP:aix(ng<c’x>’ (2)

peHmHHeMﬁKOTOpOﬁﬂBHﬂeTCﬂBGKTOpJEO.ECHH xOOKasaﬂCﬂImﬂOqHCHGH—

HBIM, TO 2% :=1"

— perenue 3anaun (1) sakonveno. MHaue Elx? ¢ Zmwu
OCyIIecTBIAEM BETBJCHUE IIO j-U KOMIIOHEHTE CJAAYIOIIAM OOpa3oM.
W3 BepmIuHBI BEIXOAIT ABC BEeTBH, ¥ Ha HOBOM Apyce K Ol PaHUUCHHUIM

03JI1I, pertaemoii B mopoXmaloliell BepIiinHe, N0OaBIIeTCS OTpaHuIeHTe
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z; < Lx?J nas 1-# BeTBH wMam z; > fm?—| mas 2- BeTBU. 3HaueHwe
MakcuMyMa B ucxonHoi 3amade IIJITT (1), oueBUAHO, PaBHO MaKCHMaJh-
nomy u3 3nadenud nonzanad UJIII ma kaxmoi BeTBu. Ho, xak u pamee,
BmecTo mop3anadn IIJIII paccmaTpuBaeTcs momsamnada 6e3 orpaHuIeHUS
reqgouncaeHrocTu. Takast 03JI1] u permaercss B ouepenroil MOPOXKAEHHOR

BEpIIMHE B CJIydae ee PacKpPEITUS, 0GO3HAUMM pellleHune depes ¥ .

k

Ecan z° — LEJIOUUCJICHHOE, TO BEPIIHMHA 3aKPBEIBacTCd, a 3HaYCHHUE

(e, z*) pymkumm mesmwm cpaBHWBAETCS C PEKOPIOM A €r0 OGHOBJICHWMS
WM, TIO TIEPBOMY pasy, IPMCBaMBacTCsS PEKOpAy, ¥ Touka ¥ — momy-
cTUMas Touka B 3a1ade (1) — samomuuaeTcs. [locae nomydenns pekopua
MOXeT OBITE 3aKphITa J00ast paCKpBITas BEPITUHA, NJsi KOTOPOU OITH-
MaJbHOE 3HAUEHHUE TeJEBON YHKIIMM OKaXeTCs MeHbIe pekopaa. leii-
CTBUTENBHO, IOCKOJIBKY MAKCHMYM IO OOJBITIEMY MHOXECTBY HE MEHBIIIE
MaKCHMyMa [0 MeHbIleMy, To 3HaueHwe 03JI1I maeT oneHky cBepxy (epa-
HUYY) 3HAUEHUS COOTBETCTBYIONIEH MEJOYMCICHHON TTO3a/aui, U KOT/1a
BEDXHsIsl OIIeHKa HE TIPEBBINIAET PEKOPIa, ODECCMBICIEHHO MHBITATHCS YBe-
JHUYATH PEKOPJ HA MAHHOU BETBH.

JpyruM ciydaeM 3aKpHITHS BEPIIMHBL (OTCEUEHUS] BETBH) SIBJISCTCS
HEPa3pemmnMocTh ocTaBaerno# 03JI11 u, caenoBaTenyHO, TOR XKe TOA3a-
maun IJIII.

Ecau ¥ — mernenoumciennoe, To Jx¥ ¢ Z, m ocymectrasem Be-
TBJEHWE TI0 -l KOMIIOHEHTE ONMMCAaHHBIM Bhime crocobom. [Ipomenypa
3aKaHIMBAETCS MOCJE 3aKPBITHS BCEX BEPITHH, Toraa 3HaueHue (1) pap-
HO TEKYIIEMY DPEKOPIY, JUOO PEKOPI OCTAJCS HEOMPENEJEHHBIM M 331398
(1) me umeeT perrenus.

Bribop crpaTerum BerBaenus B [IJII urpaeT He MEHBITYIO POJTh, YeM
B ruobanabHol onTuMuzanuu. OTCYTCTBUE PEKOpIa TPUBOAUT K JIHIII-
HeMy mepebopy, HO Hpoleaypa BeTBJICHUS “B TJIyOMHY’ MOXET BMECTO
peKopnia MaTh HECOBMECTHYIO CHCTEMY orpaHumueHub. Kpome Toro, mis
HECKOJIBKMX HEIEJBIX KOMIOHEHT ¥ He MOHSTHO, 0 KAaKOH M3 HUX JIyd-
IIle OCYINECTBISTEH BETBJEHUE: MO HOBOW, KOTOpas HE PaccMaTpPUBAJach
Ha TPeNBIAYIUX SIpycax, Win cHavaja rmepebpaTh BCe MOMYCTUMEIE ITe-
JIble 3HAUYEHUS ONHOM U3 KoMmoHeHT (mo aHagorum ¢ BJIIT — cMm. HEUXe).
Mocaenusis cTpaTerus MMeeT CMBICJ MPU HAJAYUU ABYCTOPOHHUX OT'Pa-
HAYEHUU Ha TePEMEHHEBIE.

3. Memod semsed u epawuy dag BJIII. YacTHbIM ciydyaeM 3a1adn
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(1) IJIT siBasieTcs 3amada BJITT

zEBIP:ai\(ng<c7 2), (3)

peleHre KoTopoit — BekTop 20 m3 Gysesa Kyba.

W3 pesyapraTos §2 (yreepxkaenus 8) serrekaeT NP-Tpynuocts BJIII
¥, CJeNOBaTEJBHO, MPAaBOMEPHOCTDH MCIOJbL30BaHUS MePeOOPHBEIX CXEM
nas pemerns (3). B §12 6yzmer mokasaHa cXema IHHAMHYECKOTO TTPO-
rpammupoBanus nJgs BJIIl ¢ HeoTpunaTe TbHBIMU KOdbDUTTHEHTAMH, a
1Tl IPOM3BOJBHBIX 337134 (3) IPUMEHNMa cXeMa MPEIBIIYINero MyHKTa,
KOTOpas HEeCKOJBKO YIIPOIIAETCS 33 cUeT MOMOJHUTEIHLHOTO OTpaHude-
must 0 < z; < 1, npespamatomnero JIIT 8 BJIII. A umenno, moce
3aMerbl Z® wa B™, mpuw BeTBJIeHWHM B HOBBLIE TOM3aJaud HOOABISIETCS
BMECTO OTpaHWYEHUH HEPABEHCTB ycaopue paBeHcTBa 0 (1 omHON Be-
TBH) Wan 1 (ISt APYTOR) TOl MEePeMEHHOMN, IO KOTOPOH OCYIIECTBISETCS
BeTBJeHMe. TakuM 0Opa3oM yKazaHHAad TepeMeHHas CTaHOBUTCS OYJIeBOR
BO BCeX HMXKHUX Apycax, T.e. MO Hell He MPUIETCS BHOBL TPOBOIUTE Be-
TBJICHHE, a 3HAYUT, Ha N-M spyce peinenue (3) Oyner sakoHueHo. Yucso
PacKpBEIBAeMBIX BepIluH (Maw pererni nonsanad JIIT) npu sToM He mpe-
BeIcHT 2" 1!, uTo, KoHeuHO, TOXe HeMaJo, HO 3aMeTHO MeHbIIe, JYeM I
IJIT (cpaBHEMO €O CIydaeM, IPENyCMOTPEHHBIM yTBEPKACHHEM 3).

§12. MeTon gunamudeckoro nporpammuposanus (II1)

Teopemuueckue ocnoswt 1. Obuaq crema memoda. Memod Il das
BJ ¢ neompuyamesvnvimu xkosdduyvenmany. Ceasv ¢ MBI

1. Eile omHOM TPaAUIIMOHHO MCIOJB3YEMON cXeMoW Tepebopa sBJs-
eTcst memod dunamuveckozo npozpammuposaenud (JIT). Onun npumep
asroputMa 11 mpuBoguics B §4, roe 5ToOm METO TO3BOJMI MOCTPOUTH
TICEBIOTIOMMHOMHUAJLHBIHN aJTOPUTM PEeITeHrs 3a1adu O piok3ake. Boobire
TOBOPS, TONOOHBIE AJTOPUTMEL M HAMEIOTCS MOJYIUTE Ty TeM TPUMEHEHU S
cxembl HII. Omnako HII MoXHO MCIOAB30BATH HE IS MPOU3BOJIBLHBIX
ONITUMU3AIIMOHHLIX 3aMad. Kitacc MOAXOMAIINX 3a0ad ONUITTEM TaJee.

OUnPEANENEHUE 2. $yuknus f vasbiBaeTcs peddeademot Ha f1 u fo,
€CJIW OHa TTPENCTaBUMa B BUIE

[, y) = fi(e, f2(y))- (4)
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ONPENEINEHUE 3. Pyukums f HazpiBaeTcs padsoscumot Ha f1 u fo,
ecnid oHa pasfenseMa Ha f1, fo v GyHKIUS fi MOHOTOHHO He yObIBaeT MO
nocJeHeMYy apTyMeHTy.

TEOPEMA 1 (onmumaesbhocmu dad pasdaodcumbis Gynryui).

min f(z,y) = min fi (2, min f2(y)),
(z.9) T y
¥ TOYHO TaK e IJs max.
MOKA3ATEILCTBO IpoBefeM s clIyuyas MAHAMYMa.
(PaBeHcTBO OyeT BLITEKATH W3 MAPHl MPOTHBOMOJOXHBIX HEPABEHCTB. )

To onpenesernmio murmvyma  min fy(z, f2(y)) < fi(2°, f2(¥°)) Va°,y°

Y

0

u, ciefoBaTenbHo, mas y° = argmin fo(y), z° :=argmin fi(z, fo(y°)),
Yy xr

YTO MOKa3bIBaeT HepaBeHcTBO “<”. AHAJOTHYHO, B CHJIY HeyOLIBaHUS fi

no mockenteMmy aprymenty, fi(z',min, fo(y)) < fi(2', f2(y")) Vo', y'.

Momoxum ¢ := argmin fi(z’, f2(y)), &' := argmin{min f(z, f2(y))}.
y z oy

[MockonbKy TOBTOPHEBIN Min paBeH ABOMHOMY, B TIPABOH YaCTH TIOJY YHITH

ming o, f(,y), 9eM DoKa3aJgM X HepaBEHCTBO “>7.

Hag 3amaum ycJaoBHON ONTHUMM3AINU TEOPEMa ONTUMAJLHOCTH MJIS
PA3IOKUMBIX DYHKIIMH MTePEenUCchIBACTCS CICIYIONIUM 00pa3oM:

min f(z,y) = min z, min , 5
(zay)EQf( y) z: Y (z)£0 fl( yeY () f2(y)) ( )
rae Y(z) = {y] (z,y) € Q}. YkazanHasg TeopeMa WCIOIb3YETCS s

MIOHM2KEHUA Pa3MEPHOCTH ONITHUMH3AIMMOHHEIX 3aa4 U B METOIE ,HH
,HJI?[ HadaJia PpaCcCMOTPHM 3aga4y OIITUMH3AIWH, 3allMCAHHYIO B BHUIE

= min f(z,y), € X CR® ycY(z) CRk. (6)
g9(z,y)EET CR™

3neck E HA3BIBAETCS MHOXECTBOM M ePMUHGALHBIT COCMOAHUYE CUCTEMBI
IO ACCOIUAINY C TUHAMUIECKUMHA CUCTEMAMM YIIPABJIECHHUS, IS OTTUMU-
3aIM| KOTOPEIX 6610 usobpereno NI Hanpumep, mast ¢ = (g1, ..., gm),

60



ecJIM OrpaHWYEHHUS 3a7aun 3amaHel B opme g;(z,y) <0 Vi=1,m, To
Er = R™. Tlycts f pasnoxuma (4), a g pasmensema:

g(z,y) = ha(y, h1(2)), hi: R® > R™, hy: Rkt™ _ R™

Torga BeeneM Ya,y E = hi(x), E' = hy(y, E) n BorunciasieMm g xak
g(z,y) = F'. dyuxunu hy, hy HaseiBalOTCS PyHKyUAMU neperods, Bek-
Topul E, E' — cocmoanugmu cucmembl. MHOXKECTBO BCEX BO3MOXHBIX

COCTO?[HI/H;I CHUCTEMEL O6OSHa‘IaeTC9I 5 %) (bOpMaJIbHO 3a0acTCd TakK:

1) €D h(X) ={hi ()| z € X},

2) VE €D hi(X) {ha(y,E)lyeY(X)} C &
(MHO)KGCTBO B Ka4deCTBe apryMeHTa O3HavaceT O6’I>6I[I/IH6HI/I€ IO BCEM ap-
TyMeHTaM W3 9TOro MHO)KeCTBa).

PaccmoTpum mas (6) ceMelcTBO 3a7a4 TIOMCKa

Fs(FE) = ]
2 (E) ) M?J’l}{;)e%fg(y),

KoTophie HyX)HO permaThk VE € €. [lo TeopemMe onTuMaabHOCTH

[ =min fi(z, Fy(hi(2))).

reX

B pesyabrare 3amava (6) cBerack k nocienoBaTesnsHocTd |E] + 1 onTu-
MW3AIMOHHBIX 33134 MEHBIEH Pa3MEPHOCTH.
B meTone 11 gaHnas nponeaypa NPUMEHSIETCs PEKYPCUBHO K 3a1a4e

F* = min Ty, ..., 2y 7
g(x1,...,25)EETCR™ f( ! ) ( )

IJIs. CBEIEHMS K CeMeMCTBY OIHOMEDPHBIX 3a/au CJACAYIOMMUM oOpa3oM.
IIycts f mocaenoBaTedbHO pas3iokuMa, T.€.

f(xlw'wxn): fl(xlyfé(x?y"wxn)%

fn—l(xn—ly xn) = fn—l(xn—ly fn(xn))y

1 Bce f; MOHOTOHHO He YOBIBAIOT Mo 2-My apryMmenTy. [lycTh g mocnenosa-
TeJibHO pasneiasiema, T.e. 3€ C R™, 3 dyuknuwm nepexona hy, ha, ..., hy:
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Ve € X = ®X; g(x) = hn(xnyEn—l)y En_1 = hn—l(xn—lyEn—2)7---7
E2 = hg(xg,El), E1 = hl(xl) n EZ c £ Vi= 1,7’L— 1.

Ob6osnaunm Vi = 2,n—1, VE € & uepes ﬁi(xi,le,...,xn,E)
bYHKIMIO, ONpenesieMylo PeKyppeHTHO paBeHcTBamu: F) = h;i(z;, F),

Ez{+1 = hi+1(xi+17 E;), P ,E‘,’1 = hn(xn, E;z—l) = hl(xl, Litl,y .- ,xn,E).

Samerum, uTo B caydae E = Ei_1: hi(%i, ®ig1,. .., %0, Fim1) = g(z) m
E]’ = E; Vj > i. B cnenanHEIX 0003HaUEHNAX CIPABEIJINBO 6036pamuoe
coomuoutenye sl OTPAHUIEHAR

hi(xiy Litly,---) xnyE) = hi+1(xi+17 co &, h’l(m“E)) (8)
TOFI[& IO ONIPEACICHUIO

F*: . min fl(x17f2(x27--'7xﬂ))7
z€X: hao(x2,....6n,h1(21))EET

" 110 TeopeMe OIITUMAJBbHOCTH

F7 = min fi(z1, Fy(hi(21))), (9)
rae VE, €& Fo(Ey) = ~ min fg(xg,...,xn):
(2,..,&n): ha(z2,...,x0,h1(21))EET
(m3 (8)) = min falzs, fa(®s, ..., 20)) =

(T2,0s%n)t ha(z3,..,@n ha(22,B1))EET

= zlzqei)% Ja(x2, F3(ha (g, E1)))

(mocaenuee paBercTBo caenyeT u3 (5) ¢ & = 2, y = (%3,...,%n)),
W T.J., TOJarad MEHAMYM II0 IIyCTOMY MHOXECTBY PaBHBIM +00, HMEEM

F,(E)= min filzgi, ®ip1, ..., 2n) Vi, E (10)
hi(zi,zH_l,...,zn,E)EST
— ceMeHcTBO 3a7ad, B KoTopoe “norpysuau”’ (7),

Fi(EiZq) = Hél)l(l Ji(zi, Fig1(hi(xs, Eiov))) YE;_1 €& (11)

i

— gozspamuoe (Pynkyuonasvruoe) ypaswenuve JII ¥i=2n— 1,

FH(E) = X }ILI.,}%I;/‘I'",E)EST fn(xn) (12)
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Aseopumm I
VE € & srranciasiem F,(F) us (12),
nocaenoBaTebHo Wit § = n—1, ..., 2 onpenensiem F; (E) us (11),(10),
zareM F™* u3 (9).
Ynciio maros ajropuTMa (perneHuil 3a1ad OTHOMEPHOH MUHUMM3AIIHN )
oyner nopsanka n|&|. Takum obpaszom meron 11 uMeeT cMbICI IPUMEHSTh
IJIs 387189 ¢ HEe OYeHB GOJBITUM ducaoM cocTostHui (|€| Mand).

2. lpumMepamMu pa3ioXUMBIX (QYHKIME MOTYT CJIYXHThH min, max,
cyMMa, MpousBeicHue (¢ HEOTPUNATEIBHBIMA KO3hdUITMERTaM”) W T.1I.
Nexonno meron Il mcnmonb3oBadicst s ONTHMU3BANUK THHAMUYECKAX
CHCTEM, YTO HAIIO OTPaXeHne B MpUMeHsieMod TepMmunogoruu. Tak, &£
COOTBETCTBYET PU3NIECKOMY MPOCTPAHCTBY COCTOSHUH (BO3MOXHBIX KO-
OpIMHAT TPACKTOPUM IBUKEHUS ), ¥; — YIPABJICHUIO B MOMEHT BPEMEHH
t;, BO3MENCTBHUE YIPAaBJICHWS Ha TPAEKTOPHIO ompenesercs GhyHKIHeR
nepexofa B CHEAYIOIIee COCTOSHUE, Ha KOHEUHOE COCTOSHUE HAJOXKEHDI
OTpaHWYEHUS TPUHAAIEKHOCTH K E7, HAYAIhHOE COCTOsHUE GUKCHPO-
BaHO; f;(%;, E) — CTOMMOCTBH yUpaBJeHHS CHCTEMOH, HAXONSIIEHCS B
coctosgaun F, f — cTommocTh Beell TpaekTopuu Eq, ..., Fn_1.

Cootnomenne (11) osHavaeT MHHHUMH3AINWI CTOMMOCTH “XBocTa”
TPACKTOPUN B KaXKIBIH MOMEHT BPEMEHH, 4TO COTJAcyeTcs ¢ NPUHIIH-
OM ONITUMAJIBLHOCTH, chopMyaupoBaitbiM P. Basiavmanom: onTuMaabHas
MOJUTHKA YIPABICHUs TAKOBA, YTO st JIOGOTO HAYAIBHOTO COCTOSTHUS
U JI00OBIX perierudi (1o BHIOOPY YIPaBJIEHHS ), MPUHITHIX Ha HAYAJbHBIX
Iarax, OCTaBIIUECS PEIIEHUST 0OPa3yIOT ONTUMAIBLHYIO TOJTUTUKY , HAUH-
HAIOIIYIOCS ¢ COCTOSIHUS, BOSHUKITIETO B pe3yibTaTe 9THuX permenui. (O1-
METHM, YTO B cJydYae CTPOrol MOHOTOHHOCTH [ TakuM oOpa3zoM MOXHO
MONYYUTH JIO60E pelleHre, B cIydae HeCTPOrod MOHOTOHHOCTH — XOTS
GBI OITHO).

MponnmocTpupyem mnpumenenue Metoma Il Ha nmpumepe perie-
mus 3amad BJII ¢ HeoTpuuaTe pHBIMA KoadduITHeRTaMy (SIeMEHTaMK
cumILTekc-Tabmis ). Utak, BepHeMest K 3aaade (3)

F*= max {c2)
zeB": Az<b

B IPEANONOXKEHUHA a;j, b;, ¢; € Z. Obo3HaumM depe3 a; j-H cTombeln
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MaTpHUOLBL A. PaCCMOTpI/IM CEMERCTBO 3aga4 IIOUCKa

n

Fy(FE) = max E ¢jzj
z: 2;€{0,1} Vj=k,...,n 4 -
]:

n
Zajzj' <b-—F,
ji=k

rie E€eE={EcZP|E;<bVi=1,m}, k=1,n.
Ouepunno, F* = I1(0). BosBpaTHoe ypaBHEHHE B JaHHOM CJIydae:

Fy(E) = max{Fyy1(E), cx + Frpa(E + ax)},

E S b— a‘ny
HHaye.

Fn(E)z{ .

Haxonum VE € € F,(F) u coorBercryonme z,(E), sarem mist k =
n—1,...,2onpenensiem Fy(FE) n peanusytormne ux x(F) u3 BozBpaTHOTO
ypasrenus, sruncasem Fi(0), z1(0) u nanee zo(EY), ... 2, (E""1) B
3aBHCHMOCTH OT TOTO, Kakue cocTosuua K, ..., E" ! 6bumm B KoHeuHOM
cUYeTe UCIOJNB30BaHEl IpH BEIUncaeHur Fi(0), ecid ocMoTpeTh o BeeM
nraraM aJropuTMa.

Ywcao 1maroB PENJIOKERHOTO aJropuTMa PaBHO 7 M Ha N-M IIare
pacemarpubaerca min{(by + 1) - ... - (by, + 1), 2"7'} cocrosnumii, na
(n — 1)-m — vmEEMYM u3 JeBoil wacTu (pasuoi |£|) u 2772 u T.1. Tax
yro npu 6oabmux b meron Il pemaerT nmpuMepHO CTOJBKO Xe 3amad,
ckoabko MBI B Xyzammewm ciaydae, omHAKO peniaeMble 3ajladd 3[eCh ITPO-
me (npoeepka orpanumvenuit BMecto JIII). ToguepkHem, 4To mporery-
pa HII me maeT crmocoboB cokpalleHus mepebopa, TOraa KakK ymadHBId
BHIOOD cTpaTernu BeTBJeHus B MBI (Hanpumep, Ha OCHOBe MMEIOIIEH-
¢ y BBEIYMCIUTENS NOTNOJHUTENLHOM MHMDOPMAIMKA MJIH 3BPUCTHYECKHAX
coobpaXeHHil) Mo3BoJseT (XOTS ¥ He TapaHTHPOBAHHO) PEIaTh 3aja-
yn Gosbinein pasmepHocTH. OTMETHM TaKXe OTCYTCTBHE OTPAHWYEHHUS
HeoTpHUIlaTedbHOCTH KoxhduimenToB mas paborer MBI'. B mpuniumne,
BO3MOXHO KOMOMHMpOBaHue obenx cxeM (cM. [6]).
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